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Some Properties of a Certain Class of Analytic Functions Defined by
a Convolution Operator

AMINAT O. AJIBOYE* AND K. O. BABALOLA

ABSTRACT

In this work, we study some properties of subclass Bg, (/)
of the class of analytic functions defined by a convolution
operator. In fact, this class generalizes the class of Yamaguchi
functions. Thereafter, some geometric properties such as in-
clusion, Fekete-Szeg6 functional and upper bounds for some
Hankel determinants are presented. Indeed, results from some
of our corollaries and remarks show that when some involving
parameters are varied, our results reduce to some existing ones.

1. INTRODUCTION

Let A = {z € C: |z] < 1} be a unit disk and let A be the class of analytic
functions of the form:

oo
(1) f)=2+) a2, f0)=f(0)-1=0, z€A
=2
Also let S, a subset of A, be the class of univalent functions analytic in A. Let

o(z) = z—i—ZAjzj, P(z) = z—i—Zszj € A,
j=2

=2
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then the convolution (or Hadamard product) of functions ¢(z) and 1(z) is define
by

(b )(z) =2+ > 4B, ze A
j=2

Pommerenke [13] defined the gth-Hankel determinants for f € S as

1 ajy1 o Gjgg-1
s s o s
. j+1 j+2 J+q
Hq(]) = . . .
Aj+q—1  Aj+q " Aj42(g-1)

where j > 1, ¢ > 1 and a; = 1 for functions in S. Now for ¢ =2 and j =1,

2) o)l =| o % | =las - a,
for g =2 and j = 2,
(3) Ha@) = | 2 | = lazas —aF
and for g =3 and j =1,

1 as ag

|[Hs(1)| = | a2 a3 a4

as ag as
which implies that
(4) H3(1)| < |asllazas — a3| + |aallazaz — as| + |as||az — a3].

Many properties of these determinants have been studied by many researchers
for specific values of parameters j and ¢. In particular see [4, 10] for more details.
Related to the coefficient estimates in (2) is the problem of estimating the upper
bound of the functional

(5) F(6,f) = las — da3]

defined by Fekete and Szeg6 [9] where 6 may be a real or complex value. The
determination of sharp upper bounds for the non-linear functional F (4, f) for any
subclass of A is what is usually termed ”Fekete-Szeg6 problem”. A remarkable
relationship exists between the functionals (2) and (5) since F(1, f) = [Ha(1)].
See [1, 7, 10] for more details.

In [2, 3], Babalola defined a convolution operator £ : A — A by

(6) LEf(2) = (Ta * 70 * )(2)



70 Aminat O. Ajiboye and K. O. Babalola

e and To(c,_nl) is such that

(1-2)
o0
— J
. z+ Z Z
Jj=2

for fixed real number & > n + 1 and n € NU {0}. Simple calculation shows that
(6) is equivalent to

(7) ZLof(z )_Z+Z{(a+i!— 1)!(a—i_(?:2)!_1)!}ajzj’ 2 A

where 74 5 (2) =

(Tan * T( 1))( )=

L f(2) = L5 f(2) = [(2)

(8) Lf(z) =2f(2)
(9) Ly f(z) =D"f(2)

o B Z((a4+j—-1)! (a—n-1) W
(10) L f(2) —z+j2{ o (a+jn2)!}a]w
(11) (@ =n)Lhf(2) = (a = (n+ 1)L f(2) + (L7 f(2))
and
(12) (@ =n) (L1 f(2)) = (a =) (L f(2)) + (L7 f(2)".

where (9) is the well-known Ruscheweyh operator introduced in [14]. Clearly,
(8) = (9).

Now we define the class By, |(3) as follows.

Definition 1.1. A function f € A is said to be in the class By ;(8) if

(13) Reg’“?*;f (2)

>0, ze€A

for fixed number a > (n+1), n e NU{0} and 0 < 5 < 1.

It is interesting to note that (13) is the product combination of geometric ex-
pressions of functions in classes B (5) and S9 respectively studied in [2] and
[3]-

The following classes are equivalent to class B, ;(3).

1) Bi(0) = T studied in [12].

2) Bi(0) =Y studied in [17].

3) B§(B) = V() studied in [16].

4) BY'(8) = T(p) in [16].

o~~~ —~
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In this present work, some of the investigated geometric properties of functions
in By, ,(B) are the inclusion, the Fekete-Szegd functional and the upper bounds
of some Hankel determinants.

2. LEMMAS

The following lemmas shall be used in proving the theorems that follows:
Firstly, let the class denoted by P consists of analytic functions of the form:

(14) p(z) =1+ ijzj, p(0) =1, Rep(z) >0 and z € A.
j=1

p(z) is known as a function with positive real part in A.
Lemma 2.1. ([15]). Let p € P. Then |p;| <2, j € N.
Lemma 2.2. ([8]). Let p € P. Then

2

p
Pz—l/*l

5| < 2max{l,[1-v}, veC.

Lemma 2.3. ([5]). Let p € P and suppose

(1 78)- 5

then
<B <1, z€e A

N

1
The constant 2' 77 is the best possible.
Lemma 2.4. ([6]). Let u = uj+uai, v = v1+wv2i and ¥ (u, v) be a complex-valued
function satisfying

(a) 9 (u,v) is continuous in a domain € of C2,
(b) (1,0) € Q and Re[y(1,0)] > 0,
(¢) Re(€+ (1 —&uai,v1) < & when (€ + (1 — §ugi,vr) € Q2 and
201 < —(1 = €)(1 + u3) for real number 0 < & < 1.
If p € P such that (p(2), zp'(2)) € Q and Re[)(p(2), zp'(2))] > & for z € A. Then
Re[p(z)] > & in z € A,
Lemma 2.5. ([11]). Let p € P. Then

1 x
p2 = 51?% + 5(4 —p)
and
141 2 1 o2 1 2 2
P3 = 7P + 51’1(4 —p1)T — 1p1(4 —pi)a” + 5(4 —pp)(1—[x]")z
for some z, z such that |z| <1, |2| < 1.
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Lemma 2.6. ([2]). Let f € B%,,(8), then
aj=(1—pB)Jjpj—1 and |a;| <2(1 - B)J;

where

(15) = alla+j—(n+2))

(a—(n+1)(a+j—1)"

3. MAIN RESULTS

Our results are as follows.
Theorem 3.1. By (B8) C B;(B).

Proof. Let f € A satisfy (13) so that for p € P, define the equation

(LR L )
16) Zoiz) T )
Now using (12) in (16) gives
(0L G (0t L) )
a7 Z57(2) Zei0 o

so that by divide through by (o —n) gives

Lol . ()

Zefz) (e —n)p(z)

But (13) can be expressed as

Re <p(z) A ) > 8

(0 —mn)
so that .
Re <p(z) + (ip_(ii)) — [ >0.
Now define the function
¢(U,U) =u-+ (O'—TL) _B

on a domain Q = C x C of C2.
Clearly 1 (u,v) satisfies the condition (a) of Lemma 2.4. More so, (1,0) €
implies ¢(1,0) =1+ 0 — g and Re®(1,0) =1 -5 >0, 0 < 8 < 1. Thus, with
¢ =0 in Lemma 2.4, .

1

P (ugi, v1) = ug; + o —n) B
) — _u —(1+u3)
and Re ¢ (ug;,v1) = — B < 0 whenever v; < ——5—2*.

(o0—n)
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Therefore, 1 satisfies all the conditions of Lemma 2.4 so,

Re%ﬁ‘;f(z)>0 = feB;(p)

thus the proof is complete. O

Theorem 3.2. If f € A satisfies the condition
AL f(2) 381

Re > ,
$€+1f(z) 23
then
- 11
RBLJC(Z)>21 5 5 <B<L zeA

z

Proof. For z € A, define the function
L f(2)

(19) p(e) = =2

and by logarithmic differentiation,
(20) p/(Z) — ("iﬂ#ﬁ»lf(z))/ o 1
p(z) LR fz) =

Using (12) in (20) gives

o PG _(Zef) | AZeiE) 1

p(z) gﬁ’jrlf(z) (U - n)gnojrlf(z) z

so that
. W)\ _ g, (HLRR) L) 381
" <1+ p(z) ) K ( L f(2) i (U—H)gfﬂf@)) 7723
and using (12) implies
AL f(2)\ 38 -1
m(“Zm ) (410

1

B, 1 < B <1 as required. O

which by Lemma 2.3 implies Re p(z) > 2
Corollary 3.3. If f € A satisfies the condition of Theorem 3.2, then f(z) €

o (ol=%

na1(27 7).
Corollary 3.4. Let n = 0 in Theorem 3.2 and suppose
zf”(z)) - 36—1
f'(z) 28

Re <1+

then

=

Ref'(z) > 27 5.
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Corollary 3.5. Let g = % in Corollary 3.4 and suppose

Re(14 ) 1

then
Ref'(z) >

N | =

Theorem 3.6. Let f € By, (3). Then for § € C,

26(1 — B)J3

lag — a3 §2J3(1—,8)max{1,’1— 7

|

where 0 < 8 < 1 and Jj is defined by (15).

Proof. Using Lemma 2.6 and for § € C,

|lag — da3| = | (1 — B)Jspz — 6(1 — B)*J5p}|

2
(22) — (- 8) o~ of
where
21— p)
= 7 .
Using Lemma 2.4 implies
2 _ 2
(23) pg—n& < 2max\ 1, I—M
2 J3

and putting (23) into (22) completes the proof.

Corollary 3.7. Let § = 1. Then |ag — a3| < 2J5(1 — ).
Theorem 3.8. Let f € By, (). Then

9(1 — B)2Jy .
( g) 2Js

where 0 < 8 < 1 and J; is defined by (15).

lasay — a2 < 41— p)*J3

Proof. Using Lemma 2.6 in (3) gives

agaqg — a3 = (1 — B)Japr x (1 — B)Japs — (1 — B)*J5p3
(24) = (1= )% JaJalp1ps — Ap3)



Some Properties of a Certain Class of Analytic Functions Defined by a Convolution Operator 75

2
where \ = JJf’] . Now using Lemma 2.5 leads to
2J4

4

1 — B)2Jady
(4 pi+2(4 — ppiz — (4 — p})pia?

|azas — a3| =

+2(4—pD)(1 — [z[*)p1z — Apf — A2(4 — p})piz — A(4 — pi)*a?

Now for |p1| < 2, letting p; = p, assume without restriction that p € [0,2] and
applying triangle inequality with p = |z| gives

(1—B)2Ja .
. 2 4{

|agay — a3| = Pt 204 - p?)pPu+ (4 — pP)pPu

+24 = p*)(1 = p)p + X" + X2(4 = p*)p’p + A4 — p*)Pu }
Factoring out p gives

@) foaas—af) < PRI (01t 4 0 - )0+ 0l

+ (4 —p*)[p* + A4 —p?)p® +2(4 — pP)p — 2(4 — p2)pu2} = F(u,p).
Now from (25) we have

a2
3F({()ZP) _a i) J2J4{2(4_p2)()\+1)p2

+2(4-p)P* + A4 —pP)lp —4(4 — p2)pﬂ}

Observe that %ﬁ’p) > 0 in the interval u € [0,1]. This implies that %ﬁ’p) is an
increasing function of p on the closed interval [0, 1], thus from (25) the maximum
point is at ;. = 1, hence

1— B)2Jad.
(26) g < W e sn = a.
Now,
1—B)2 )2,
(27) )= PRI 1y
so that at the critical points, G’(p) = 0 implies

(1—B)%J2Js

5 {—4p +12p} = 0.
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Solving for p implies that pg = 0 or p; = v/3 and from (27),

_A3)2
G"(p) = (152)‘]2‘]4{—12;92 +12}
_A3)2
G"(po) = u 52) J2J4{12} > 0 (a minimum point)
_B3)2
G"(p1) = a 52) J2J4{—36 + 12} < 0 (a maximum point).

From (26), G(p) attains maximum at

(1—B)2J2Jy

5 {—(V3)* +6(V3)? +8)}

G(p1) =

2

hence using A\ = J;If’h and simplifying completes the proof.

Theorem 3.9. Let f € By, ,(3). Then

lagas — ag] < 2L ARA~B) ot 434 \/2[2(1 — B)Jads + 3]

3 3J4

where 0 < § < 1 and Jj is defined by (15).

Proof. Using Lemma 2.6 in (3) leads to

asaz — ag = (1 — B)*JaJspips — (1 — B)Japs.

Now using Lemma 2.5 we have

(1= B)?JaJsp1[p} + (4 — p?)a]
2
_AJp} +2(4 = pDpie — (4 = pDpre® +2(4 — p1) (1 = |2*)2]

a2a3 — a4 =

4
where A = (1 — /) and it simplifies to
4(agaz—as) = 2(1 — B)*JaJspi — (1 — B)Jup?

+2(1 = B)*(4 — p})JaJspra — 2(1 — B)(4 — pi)Jupr
+ (1= 8)(4 = p)Japrz® = 2(1 = B)(4 — pi) (1 — []*) Jaz.
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By Lemma 2.1, |p1]| < 2, then letting p; = p, assume without restriction that
p € [0,2] and applying triangle inequality with n = |z| we have
4’(12@3 — a4|
<{2(1 — B)2JaJ3p® + (1 — B)Jup® + 2(1 — B) (4 — p*)Ju}

+{2(1 = 8)°(4 = p*)JoJsp + 2(1 — B)(4 — p*) Jap} 7

+{(1-B)4-p*)Jap—2(1 - B)(4—p*)Js} 7
(28) =F(n,p).

Now from (28) we have

OF(n,p)
p)

(29) = {201 = B)*(4 = p*) JaTap + 2(1 = B)(4 — p*) Jup}

+{2(1 = B)(4 = p*)Jap — 2(1 = B)(4 — p*)Ju} 1y
Observe that %Z’p) > 0 in the interval n € [0, 1]. This implies that %Z’p) is an
increasing function of 7 on the closed interval [0, 1], thus from (28) the maximum
point is at n = 1, hence
(30)  F(1L,p) < =2(1— B)Jap’ +4(1 = B)[2(1 — B)J2J5 + 3Jalp = G (p).
Now,
(31) G'(p) = —6(1 — B)Jap® +4(L = B)[2(1 — B)JoJ3 + 3J4]
Note that at the critical points, G’(p) = 0 which implies that

—6(1 — B)Jup? +4(1 — B)[2(1 — B)JoJ3 + 3.J4] = 0

so that p; = \/2[2(1_62,)‘2‘]3%‘]4} and from (31),

G"(p) = —12(1 = B)Jap

2[2(1 — /B)JQJ3 + 3J4]
3J4

G"(p1) = —12(1 - B)J4 \/

Now G(p) in (30) attains maximum at

Glp1) < { —4(1 - B)2(1 - B)JoJs + 3.J4]

212(1 — B)J2J3 + 3J4]
3J4

+4(1 = B)[2(1 = B)J2J5 + 3J4}}\/

and simple simplification completes the proof. O
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Theorem 3.10. Let f € By, (). Then
H3(1)] < 9(1 — B)2JadsJy + 8(1 — B)3T5 + 4(1 — B)2 T35

A(1 = B)204[2(1 — B)JaJs + 3J4] [2[2(1 — B)Jas + 3J4]
3 3J4

where 0 < 8 < 1 and J; is defined by (15).

+

Proof. Using Lemma 2.6, Theorems 3.8, 3.9 and Corollary 3.7 in (4) leads to our
assertion. 0

Conclusions: A class of generalized analytic functions defined by the well-known
Babalola convolution operator which was earlier studied in [2] was further inves-
tigated in this paper. Some results obtained were its inclusion condition, the
upper estimate of the Fekete-Szego functional for complex parameter and some
estimates for some Hankel determinants. Varying some parameters in the class
made it to reduce to some known classes earlier studied by some authors. Finally,
some relevant corollaries were presented and a few remarks discussed.
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