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Some Combinatorial Results on Star-Like Transformation Semigroup 7T'owy},

GARBA Ri1sQoT IBRAHIMY, OLASUNKANMI JAFAR LAWAL', SULAIMAN AWWAL
AKINWUNMI?, GATTA N. BAKARE? AND ADESHOLA A. DAUDA!

ABSTRACT

Let X,, be a finite set and star-like full transformation semi-
group Taw; be a semigroup of Full Transformation semigroup

T, of X,. Let Height of a* be H*(a*) = | Ima* |, Fixed
point of a* be F(a*) = | {# € X : za* = z} |, Idem-
potent of a* be | F(a*) |=| Ima* | , Collapse of (a*) be

| U{ta™! : t € Taw*} | and Relapse of (a*) be | n — C*((a*)) |
and also, Green’s relation of semigroup Taw] were character-
ized using the general method and definitions.The methods
employed in carrying out this research work were that the
elements in each of the functions were listed and some tables
were formed for HT(a*), J*(a*), E | ¢*(a*) | , C*(a¥) ,
C (a*) and £ , R ,D , H and J equivalence relations from
these tables, triangular array and sequences were formed;
the patterns of the arrangement were studied, formulae were
deduced in different cases through the combinatorial principle.

1. INTRODUCTION

The full transformation semigroup denoted as T, given X,, = {1,2,3,...,n} such that
a:Dom o = X,,, commonly known has full or total transformation semigroup with set S and
operation * Transformation semigroup are associative then:(c, 3, u):(a* ) * u=a* (8 * ).
It is also known as the full symmetric semigroup or monoid with composition of mappings
as the semigroup operator. The star-like full transformation semi-group denoted as T'ow;,
in T}, and also a semigroup in full transformation semigroup.

A Star-like transformation semigroup is said to satisfy collapse function if ¢™(a*) = |
Uta=!:t € Taw} | while Relapse function is denoted as 7 (a) =| n — c¢*(a*) | where
n € N. The Green’s relation are useful for understanding the nature of divisibility in a
semigroup, instead of working directly with a semigroup 5, it is current to define Green’s
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relation over the monoid S’. S’ is S with an identity adjoined if S is not already a monoid
[9], a new element is adjoined and defined to be an identity. Let S’ be a semigroup,
a,b € S. If a and bgenerate the same left principal ideal, that is, S’a = S’b, then we
say that a and b are L equivalent and write a £ b or (a,b) € L. If a and b generate the
same right principal ideal, that is, a = b, then we say that a and b are R equivalent
and write aR b or (a,b) € R. If a and b generate the same principal ideal, that is,
S'aS = Sle/, then we say that a and b are J equivalent and write aJb or (a,b) € J

Let H = LR, D = LUR, then H,D are equivalences on S, too. It is a well
known fact that J = D in any finite semigroup. These five equivalences are usually
called Green's equivalence relations on S. Researchers have contributed to the study of
contraction mapping and its relation to semigroup. [11], established properties of w-order
preserving partial contraction mapping and its relation of Co-Semigroup. [4] established
the multiplicative invertibility characterization on star-like cyclicpoid C, PW,; finite partial
transformation semigroup. However, The basis of this research is to investigate results of
collapse, relapse, idempotent, height, fixed point and Green's Relation on star-like full
transformation semigroup T'aw;, and to generalize the sequences obtained. Algebraic and
combinatorial properties of the transformation semigroups have been studied over time and
some interesting results have emerged from the study of some notable Mathematicians such
as: [5], [6], [10], [7]. Their study has resulted into useful tools which have been applied on
various aspects of combinatorial mathematics. In fact, the study of semigroups of full 7;,,
partial P, and partial one-one I,, has been fruitful over the years. It is worth to mention
that this paper was inspired by the study of [3], [10]. [8] explained some combinatorial
results on green’s relation of partial injective transformation semigroup and characterized
the Green's relation on CI, and also solved the contraction mapping injective partial
transformation semigroup on n — objects. Using two parameters F'(n,p) and found that
the order of £- classes and R class are the same but D class is different.

2. PRELIMINARY NOTES

For the purpose of completeness we give some basic definitions that we shall need in the
coming sections.

Definition 2.1. Star-like Semigroup Let X,, = {1,2,3,...,n} be finite n order non- nega-
tive integers, then a finite semigroup is said to be star-like if | K; 11 — AK; |<| K; — AK;41 |
where ¢ € N such that N U0 € R for all K;w; € aw;,. Akinwunmi, Mogbonju and Adeniji
(2021).

Definition 2.2. The cardinality |r;}(a*)| of an image of a star-like semigroup Tw}: is
called the height of the semigroup. It is the number of different elements in the image sets
of o such that rank (a*) = |I(«*)| which is denoted by rank (a*) = |r;}F(a*)|.

Definition 2.3. [1]: In a Transformation Semigroup S, an element « in S is collapsible,
c(a) if there exists a number C*(a) =| ta~! |?2 where t is an element in the image of a.

Definition 2.4. [2]: An element ¢ € S is an idempotent if €2 = ¢, a full transformation
¢ is idempotent if and only Ime = F(¢) Where F'(¢) is the set of all fixed point of the
transformation and I'm(e) is the image set of the Transformation. The set of all idempotent
of S is denoted by E = E(S).

Definition 2.5. The Fix of a transformation « is define and denoted by f(a) = | F(a) |
= |z € Doma:za=uz|.
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The full transformation semigroup elements were derived using the general formular n"Vn >
1 while the star-like semigroup elements were extracted from the full transformation semi-
group elements using the star-like operator.

(2-1) | Ky — MK, |§| Ky — AKnJrl |,

where n € N the element were arranged accordingly with respect to {1,2,3,---,n} using
the elements generated to investigate for functions such as Height H " (aw}:), Fixed point
J*(aw?), Idempotent Eq*(aw?), Collapse C*(aw), Relapse C'~ (aw’) and the five (5)
equivalence classes in Green's relations (L, R, D, H, T).

From these tables triangular array and sequences were formed, the pattern of arrangement
were studied and general formulars were generated in different cases through combinatorial
principles.

let | Kpy1 — MKy, |[<| K, — AKp41 | such that n € N

when n =1
. (1
Toaw] = <1>
L (1 2\ (1 2\ (1 2
Tow; = (1 2) <2 1> (2 2)
Taw; has 3 elements.
when n = 3

Towr — (12 3) (1 2 3\ (1 2 3\ (1 23123
A3 =11 2 3/\1 3 3/\2 2 3)\2 3 2/{2 3 3
12 3\/1 2 3\/1 2 3\/1 2 3\/1 2 3
32 1)\3 23/\331)\3 3 2/\3 3 3

Taws has 10 elements.

Taw] has 1 element.
when n = 2

3. GREEN’S EQUIVALENCE RELATION OF STAR-LIKE FULL TRANSFORMATION

Table 1 : For Taw] on X1= {1} = 1 element: n=1r=1

ker(a
Im((a; {1}

- 1)

Table 2 : For Taw; on Xo= {1,2} = 3 elements.

nk:(Q)r =1
Im(a) {2}

1 2
12 | (5 5)
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Table 3 : n=2r =2

ker(a
Imgoc)) {1’2}

v ()G )

4. MAIN REsSuLTS

The results obtain in this research work shows the classical features in the application of
transformation semigroup with combinatorial properties. We exhibit some of the tech-

niques that was used to obtain these results, such that for any transformation in 7w},

A’(*i i) is the operator order for all vertical elements of o* € Tw},, and V’(“i i) is the operator
order for all diagonal elements of o* € Twy,.

Proposition 4.1. Let 6* € T aw}, be a star-like transformation, then

13n* 5n3
13p*—b) 23 5p3 — b 38n2 3Tn
3| Taw) |= 5 +5 (38p2 B b) -7 <37p B b> + 123

such that n = p > 1 where b is a star-like algebraic constant.
Proof. Suppose N; = {i,i+1,i+2,i+3,--- ,n},i=1{0,1,2,...} is non-negative with Ny
=0,1,2,... if 0" € T aw;, is a star- like transformation with P* < 1 and P* > 1 there

exist some star-like sequences U,, with (¢ is vertical order)
G =|06" €T aw} |, then

%1 (N %2 [T «3 [T xk+1 [T
Un=g, <1>+§n <2>+cn <3>+ + <, (k)

posses a unique integer difference of 52 at ¢*4, for all i > n > 1. we generate a system of
equation.

Uy+U1+Us+Us4+Us =1

16Uy 4+ 8U 1 +4Us +2U3+ Uy = 3

81Uy + 27U1 + 9U> + 3Us + Uy = 10

256Uy + 64U, + 16Uy + 4Us + Uy = 37

625Uy + 125U7 + 25U5 + 5U3 + Uy = 151

Since 4 is a bijective mapping,the system of equation may be re-written as A U = X such
that
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1 1 1 1 :1 Uy 1

6 8 4 2 :1 Uy 3

A=1]8 27 9 3 1|, U=|Uz|,X=1] 10

256 64 16 4 :1 Us 37
625 125 25 5 :1 Uy 151

using Maple 18, we obtained
13 —115 190 —518
Uy=—U1=—Uy=—Us=——Us =41
0 6 ,y V1 6 ,» U2 6 s U3 6 y U4

We see that ¢ gives the required star-like recursive relation of T'aw; for P* < 1, and
P*>1.
The result follows in TABLE {5, 6, 8and9}

O

Theorem 4.2. Given any star-like transformation 0* in full star-like semigroup Taws,,
then the following statement are equivalent:
i. Any 0* € T aw} has a mazimum element m(6*)

n
* * | n+2q*
araw 1= Y ("500)

g =1

111,
2(n—c*)+1
F(n,c*J") = <2(nj*)+1 B 1> m>c>J>q¢">1

Proof. (i) = (ii) suppose F(n,c*J*) is a star-like composite function, let N; = {i,i +
1,i+2,i+3,---,n},i=1{0,1,2,..} be distinct non - negative integer such that Taw

contains a star - like transformation §* € T aw}, then ¢ € N;, the Dom(0*) can be chosen
*

from Nyin (4 ) if 6* is a bijective map and Taw? is reducible Im(6*) = 0
if | ¢*(6%) | = 1 but if n = ¢* ; | ¢*(6*) |# -1 for each value of §*T'aw. such that
| Taw? | = n+ 2q

3q*
(#9) = (4i7) since 6* € T aw;; is star-like, there exist finitely many element such that
Dom(6*) = Im(0) where p}, N} form a total

k
2(n—q)+1 n+ 2¢*
Z <2(HM)+1 — 1) < 3¢* = F(n,q,J)
gr=1

by proposition 1, ¢& and p;. are vertical and diagonal difference operator order of element
in 0*Taw}.
(791) = (i) suppose m(0*) denote maximum element in Im(5*) and Tow; C aw};, then

consider a mapping
V= Uz U1 U
me mi My
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; € m(0%)
such that there exist another element X\* € m(0*) with v* < X* and Iy < X\*. since v*
and g are bijective, we have

(YTaw;) N (NoTaw) = m(6*)

if u; = ujup = upn* = moy*, then | Taw; |= 1 Thus, the result follows in Tables 6 and
7. O

Theorem 4.3. Let 6* € Taw;, be a star-like transformation, if | b, | denote the cardinality
of mazimum fized element in Domd*, there exist a non- negative integer k such that pFt?

= 0, then
e oy [2TF =Y\
F(H,J,E)—<2n_22),

Proof. Suppose prb, = 0 is the diagonal star-like operate of the maximal element of
§* € Taw; with €° as a star-like exponential constant. If uy, ug, ...u, are star-like sequences
of number in which there exist a non-negative integer k£ for all n > 2 inn € N; =
{i,i+1,i+2,..} such that p*! = 0 by Theorem 2, §* € Taw} can be expressed as a
reducible star-like polynomial and since 0* is bijective under composition of mapping, we

see that f(J*) can be chosen in (n i 1) ; ways for all J > 1, such that
e oo (2T =€V
F(naj € )_ <2n_22>)
The result follows in Table 6. O

Lemma 4.4. Let Taw; C Paw; C aw] be a star-like full finite semigroup, given any
p* e Taw?,
F(n,m") = (2"_ 1*> ;m* >n > 1
n—m
Proof. Suppose p* € Taw}, such that n € N; = {i,i+1,i+2,...} (i={0,1,2,...}), then
m*(a) has an identity element e in which m* is bijective under composition of mapping
with m* € Dom(a). Each element of Dom(a) in Taw], can be chosen from N; in
*\ 2n -1 .
F(n,m*) = (n—m*) ;ways
Il

Lemma 4.5. Let ETaw}, be star-like idempotent semigroup, if §* € Taw) C ETaw, then
| i Tawy, | =

(e Zat)
k?—(k+1
( ) im=2;k > 2.
m)!
Proof. Suppose ETaw;, C Taw} with a fixed point value of order 2, such that f(J*) =
2. Given any star-like transformation 0* € Taw; C ETow; that satisfy the star-like
idempotency structure. we have (i) v*.4* = ~* (ii) f(m*) = Im(y*) Let ¢ be a star-like
vertical difference operator of ET aw;, under usual star-lke composition of mapping with
a fixed point of m* = 2 we generate a system of equation.
Us+Us+U+Uy=1
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8Uz +4Us +2U1 + Uy = 3
27U3 +9Us + 33U + Uy = 6
64U3 + 16Us + 4U; + Uy = 10

Since 4 is a bijective mapping,the system of equation may be re-written as A U = X such
that

1 1 1 :1 Uy 1
18 4 2 :1 N |3
A_2793 1’U_U2’X_6
64 16 4 :1 Us 10
using Maple 18, we obtained
1 1
Uy=0U;==-U,=—-U3=0
0 V=50 =508
we see from Theorem 2 and Lemma 2 that
| i Tawy, | =
k2 —k
k> — (k+1)

m!
k>2neN ={ii+1,i+2,.}
gives a star-like recursive relation of ¢; C v* for a complete star-like triangular array of
ETaw;, Hence, the result
A system of equation.
Us+Us+Us+U1+Upy =1

16Us + 8Usz + 4Uy +2U1 + Uy = 2

81Uy + 27Uz + 99U + 3U1 + Uy = 5
256U4 + 64U3 4 16U + 4U; + Ug = 13
625U, + 125U3 + 25U 4 dU1 + Uy = 33

Since 4 is a bijective mapping,the system of equation may be re-written as A U = X such
that

1 1 1 1 :1 Uy 1
6 8 4 2 :1 Uq 2
A=1|8 27 9 3 1|, U=|U|,X=1]5
256 64 16 4 :1 Us 13
625 125 25 5 :1 Uy 33
using Maple 18, we obtained
—29 23 -7 1
U0:37U1 = 77U2 = 7>U3 = 77U4: =

6 6 6 6
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with general equation of
1, 74 23, 29

Recursive Formular

n? 3Bl+1\ 4 [4—1\ 4, (445
. (4—k>_< 3 )" 2) ™ T {agg) T3
F(n,q") =

3!

Theorem 4.6. Suppose 6* € T aw;, be a star-like transformation, then

F(n,L) = <xpxj k)

such that n = p > 0 where k is a star-like algebraic constant.
Proof. Let N; = {i,i+1,i+2,i+3,---,n},i={0,1,2,...} is non-negative with Ny =
0,1,2,... since 6* € T aw; is a star- like transformation with n > 0 and P > 1 there
exist some star-like sequences NV,, with ¢ is vertical order which posses a unique integer
difference of 1 at ¢; for all i > n >0

G =|0" €T aw} |, then
System of equation for £

as+az+ax+ar+ag =1

16a4 + 8ag + 4as + 2a1 + ag = 2

8lay + 27a3 + 9as + 3a1 +ap = 4

256a4 + 64ag + 16as + 4a1 +ag = 8

625a4 + 125a3 + 25a9 + a1 + ag = 16

Using maple 18, The following were obtained
1

Recursive Formular

xn
F(’I’L,,C) = <$p o k)
such that x = 2 and n,p = {0, 1,2, 3, ...} k= Algebraic constant. O

Lemma 4.7. For any transformation o* in Tw}, there are finitely many star-like o* € Tw}
such that: ( )+ ( (")
2(n—2)+ (n —m(a*
et (A *\)
Fnsrt(a)mla)) = (2072 F (i) )
for allm}(a*) >m >1 and n € N.

Proof. Suppose a* € Tw;, then if a* is a bijection and under composition of mapping
where F'(n;7}(a*), m(a*)) is reducible then by definition we observe that

n Flmrt (o), m(a) = ( 2(n —2) + (n —m(a")) )

n —m(a*)
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such that A* ety = Vipm) Where r¥(a*) > m > 1 for all n € N. Thus, the result follows
immediately from table (2) and (3). O

Theorem 4.8. Let R € Taw;, then aRb if and only if ker(a) = ker(b)and also H € Tawy,
such that H = im(a) = im(B), ker(a) = ker(a) then the following results were obtained

( 14nt > < 418n? > ( 31n? 143n
14p* — k) \418p% — k 31p2 — k) \143p—k
F(n,R) = ~ 2 n b _ AP 5 b 412

7

1

115n% n 3629n> 537n3 L 2535n
115p* — k 3629p% — k 537p° — k 2535p — k
F(n,H) = —9 +101
4! 4!
Proof. Since aRb is ker(a) = ker(b) then the sequence generated are 1, 2, 5, 14 & 47 [12]

and system of equation for R is given below.
as +az+az+a+ag =1

16a4 + 8asg + 4as + 2a1 + ag = 2
8lay + 27a3 + 9as + 3a1 +ag = 5
256a4 + 64a3 + 16a9 + 4a1 + a9 = 14
625a4 + 12ba3 + 2bas + bai + ag = 47
Using maple 18, The following were obtained
7o, 31 5 209 , 143

anzﬁn —En 12n ?n—l—12

Recursive Formula

( 14n? > < 418n?2 ) ( 31n? 143n
14p* — k) \418p%2 — k 31p — k) \143p — k
F(n,R) = ~—~ P P b +12

41 a 3!
while System of equation for H

ags+az+as+ay+ag =1

16a4 + 8asg + 4as + 2a1 + ag = 2
8lay + 27a3 + 9as + 3a1 +ap = 8
256a4 + 64a3 + 16as + 4a1 + ag = 38

625a4 + 125a3 + 25as + da1 + ag = 226
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Using maple 18, The following were obtained
115 , 537 , 3629 , 2535 L 101
= —n*— — —n— —n

=™ T 1 24 12

Recursive Formular
115n4 N 3629n> 537n3 L 2535n
115p* — k 3629p% — k 537p% — k 2535p — k
F(n,H)= -2 + 101
4! 4!

Recursive Formular For D

D = n where n = {1,2,3,4....} The results follows in Tables 11 and 13. O

Proof. Suppose a € Tw such that M = {wy,ws, ...} then m(a*) has an identity element e

in which m(a*) is bijection under composition of mapping such that m(a*) € D(a*). Then
2m(a*) —1

n —m(a*) >

ways. Which is equivalent to 2m—1if m = n—1 for all m(a*) > 1; n > 2 where m,n € N.

The result follow immediately from table (3). O

Table 4: HEIGHT TABLE H* (o)

the each element D(a*) of Tw} can be chosen from M = {wy,ws,...} in <

HJaw: [1] 2 [ 3[4 [|5]> H (aw})
1 1 1
2 1] 2 3
3 11712 10
4 1116 |18 2 37
) 1133|184 (31]2 151

Table 5: FIXED POINT TABLE J*(a*)

Jawi | 0123 4]5]> J(aw))
1 -1 1
2 1111 3
3 3131311 10
4 1219 |10 5 |1 37
) 42138140123 |71 151

Table 6: IDEMPOTENT TABLE E | ¢*(aw?) |

n/Eq(aw) (1] 2 [ 3 [4]5] S E g (aw)) |
1 1 1
2 1] 1 2
3 1131 5
4 116 |5 |1 13
5 111014 |71 33
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Table 7: COLLAPSE TABLE C*(aw?) > 2

n/CT(awi [0]1] 23] 4]5 |>XCM(aw))
1 1] - 1
2 2)1-11 3
3 2 - 1 10
4 21-11919 |7 37
) 21-131138|139]21 151

Table 8: RELAPSE TABLE C~ (aw})

n/C (awf)| 0| 1 [2]34[5]>C (aw))
1 -1 1
2 1] -12 3
3 117 -12 10
4 7T19119] - |2 37
) 211593831 |-12 151

Table 9: £ - Classes of T'aw;,

n/r|112[34(5]>.L
1 |1 1
2 |11 2
3 |1]2]1 4
4 1113 1 8
o |1/4]64]1]| 16

Table 10: R - Classes of Taw;,
n/r{1]2]3|4[5[>R
1

1 |1

2 |1]1 2
3 1113 |1 )
4 |17 1 14
5 | 1115|228 |1| 47

Conclusion: In this manuscript, we investigated the star-like semigroup elements from
full transformation semigroup elements and the combinatorial results of different functions
were also considered. We conclude here that star-like full transformation semigroup has
shown to be an encouraging area to study in theory of transformation semigroup.
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