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Some Generalizations of Opial-type Inequalities on Time Scales

E. E. ArRBIKE™, O. ANTHONIO?, S. A. ANIKI® AND K. Raur?

ABSTRACT

Opial-type inequalities has grown into a substantial field
with many applications in proving the existence and
uniqueness of solutions of initial and boundary value prob-
lems for differential equations. We shall obtain Hua’s
inequality on time scales The methodology employed in
this paper is the Hodlder’s inequality for convex functions.

1. INTRODUCTION

A Polish Mathematician called Zdzidlaw Opial established an inequality involving
integrals of a function and its derivatives which is named after him as Opial
inequality. Opial inequality has proved to be one of the most useful inequalities in
analysis. The inequality has been receiving continual attention [14], [15], [16] and
[17]. Tts application in proving the existence and uniqueness of solutions of initial
and boundary value problems for differential equations have been particularly
striking. [10] established the following integral inequality:
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Theorem 1.1. If f(z) is absolutely continuous on [0,h] be such that f(0) =
f(h) =0 and f(x) >0 on (0,h), then
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In (1), % is the best possible constant.

Shortly after the publication of Opial inequality, [9] provided a modified version
of Opial’ results. He observed that the absolute in (1) is not necessary if f(x) is
absolutely continuous and his result is stated as follows:

Theorem 1.2. If f(x) is absolutely continuous on [0, h] with f(0) =0, then
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A non-trivial generalization on Theorem 1.2 was established by Hua [8]

Theorem 1.3. Let x(t) be absolutely continuous on [0, a] and x(0) = 0. Ifl > 0,
then

(3) /\x |dt_/ |2 ()| dt.

[12] established the following:

Theorem 1.4. Let f(t) and g(t) be conver and increasing function on [0, 0]
with f(0) = 0 and let p(t) > 0, p'(t) > 0, t € [a, 7] with p(t) = 0. If x(t) is
absolutely continuous on [a,r) and x(a) = 0, then

’ |='(1)] " =" [ |z(2)]
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[6] got a result which is a special case of Shum-Opial’s inequality. This occurs
when the main functions do not change in the interval [a,b]. In tir work, they
took a class of functions that satisfied a condition and obtain generalization of the

special case using adaptation of Jensen’s inequality for convex functions. They
obtained the following result:

Theorem 1.5. Let f(t) be continuous and non-decreasing function on [a,b], and
0<a<b<oo with f(t) >0 fort > 0. Suppose thatp > 1> 1,4 >0, 0 <
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l4+q<pandd>0. Then,
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[1] generalized Opial-type inequalities for independent variables as follows:

Theorem 1.6. Let m > 2 and let fi, D' f;...D™f;, i = 1,.....,n be real valued

continuous function on T with fi(t)|t, =a; =0,1=1,....,n,5=1,...m. or
fi(t)‘tl =a] = Di(t)‘tQ =a2 = .... = Di(t)’tm = Qm = 01= 1, e,

Let F be a non-negative and differentiable function on [0, o0] with F(0,....,0) =0
such that D;F, i =1,--- ,n are non-negative, continuous and non-decreasing on

[0,00]™. Then the integral inequality

)
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The time scale analysis discussed in [4] and [5] summarises the time scale calculus
while [13] discussed several possible applications on time scales.

However, the study of dynamic inequalities of Opial types on time scales is initi-
ated by [3] and only recently received a lot of attention and lots of papers have
been written.

Throughout this work, we denote f?: = foo, where the forward jump operator
o is defined by o(t) := inf{s € T : s > t}. Also, if ¢ < supT and o(t) = t, then
t is called right-dense and if ¢ > infT and p(t) = t, then ¢t is called left-dense.
Points that are right-dense and left-dense at the same time are called dense. The
graininess function p : T — Rt is defined by p := o(t) —t. If TF := T — {m}
if T has a left-scattered maximum m, otherwise T* := T. We will assume that
supT = oo and define the time scale interval [a, b]t by [a,b]T := [a,b N T]. We
will frequently use the results in the following theorem as discussed in [7].

Theorem 1.7. Assume f: T — R is a function and let t € T*. Then we have
the following:

(1) If f is differentiable at t, then f is continuous at t.
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(2) If f is continuous at t and t is right-scattered, then f is differentiable at

o Fo) = £(0)
A _J{o -
Jo = w(t)

(3) If t is right-dense, then f is differentiable at t if and only if the limit

t) —

T = 1)
s—t t—s

exists as a finite number. In this case

IR0
FA) = lim = — 7=

(4) If f is differentiable at t, then

flo(t)) = f(t) + () f(2).

In order to describe classes of functions that are integrable, the following theorem
is introduced.

Theorem 1.8. Assume f: T — R.
(1) If f is continuous, then f is rd-continuous,
(2) If f is rd-continuous, then f is requlated,
(8) The jump operator o is rd-continuous.
(4) If f is requlated or rd-continuous, then so is f°.
(5) Assume f is continuous. If g : T — R is regulated or rd-continuous, then
fog has that property too.

[11] obtained the following results:

Theorem 1.9. Let T be a time scale with t € T. Let s,  be real numbers,
let hyq € Crq([0,b]T,R) where h and q are positive rd-continuous functions on
[a, BT such that f[()’t]r(t)A(s) < 00. We define ¢ as convexr function and if
x: [a, Bl — R is delta differentiable with a(0) = 0, then we have
(7)

- Va(s)) T (s)2° (5) As)

a,B
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[2] obtained the following results using modified Jensen’s inequality on time scales:

Theorem 1.10. Let T be a time scale witht € T. Let,( and o be real numbers ,
let h,q € Crq(]0,b]T,R) and positive rd-continuous functions on [a, BT such that
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f[o g ) < 0o and q(t) is non-increasing on [0,b] . We define ¢ as convex
functzon and if  : [, B] — R is delta differentiable with a(0) = 0, then we have

‘ — ) __Alk) $)h(s)z2(s)) T A(s
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Theorem 1.11. Let T be a time scale and o, 8 € T and let ¢ : [a, B]7 —> R be
a absolutely continuous convez function and Cyrq([cr, BT, RT) be such that £(t) is

non-increasing on [«, 3] and Suppose that x : [a, B]r — R is delta differentiable
with (o) = 0. Then,

IRICEOENONG
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The aim of this work is to generalize some inequalities of Opial-type by using
Jensen’s and Holder’s inequalities for convex functions.

2. ADAPTATION OF SOME INEQUALITIES

Adaptations of Jensen’s and Holder’s inequalities are considered in this section.

2.1. Adaptations of Jensen’s inequality. Let ¢, 1) be continuous and convex
and let h(s,t) be non-negative, s > 0,f > 0 and A be non-decreasing. Let
—oo < £(t) < n(t) < oo, and suppose ¢ has a continuous inverse (¢)~*(which is
necessarily concave).

Then,

f£ h(s,t) d/\( ) B fg ) )" th(s,t)dA(s)
() - n(t)
fg dA(s fg(t) d\(s)

with the inequality reversed if ¢ is concave. The inequality (10) is known as
Jensen’s inequality for convex function. Setting ¢(u) = u', £(t) = 0 and n(t) = t,
then as a consequence of (10), we have for [ > 1

) <[]

(10)

fo s, t)d\(s
fo d\(s

(11) (@(1)' =¢ [
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2.2. Adaptations of Holder’s inequality. Holder’s inequality on time scale as
expressed in [4] states that

3 8 v o8 i
(12) JRIGICINE [ / If(t)!'“At] [ / ,g@m} ,
where o, 5 € T and f,g € Crq(I,R), k> 1 and 1/k+ 1/l = 1.
(13) le4d|™ < 2™ Y(|e|™ + |d|™), m > 1,

where ¢, d are positive real numbers.

3. MAIN RESuULT

Theorem 3.1. Let x(t) be absolutely continuous on [0,a] and x(0) = 0. Let I > 0.
Then, the following inequality holds

(14) /\x )" |2 (1) {dt_l+1/\ )| a

In (14), equality holds if and only if,
(15) x(t) = ct

Proof. Suppose ¢ =1 and p =1+ 1 in (5). Then,
b b !
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a t
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We write (16) as

ab () [/tbf(s)ds]ldt

(17)

Rearranging (17), we have

[esol [ son]

dt <[6~ ]l[a

+ 071 a® Mb

(18)
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Rearranging and factoring out t%~!, we have

(19)
0<
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If t >0 on [a,b], (19) becomes
(20)
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From (20)
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Set t! = bl for t € [a,b] and | > 0, (21) gives

(21)

fl+1(t)‘ A0 g

b
f(s dt < [0~ [ || dt
o Lpelfdlasen i
+[5—1]za5/ fl“(t)‘t“sdt.
Since |f(t)] = |—f(t)|, (22) becomes
b
f(s dt <[ h [ |=f )| dt
o Lholfsod e i
- [61]la5bl/ —fl“(t)‘ t0dt.
Set5:(1+l)% (23), we obtain
(o) [ ol roa] o= [ ool

b
L0 (l+1)}/
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—f”l(t)’ t0dt.
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Set x(t ft s)ds and |2/(t)| = |—f(t)] into (24), we have

(25)

/ [+1
/!m )| (1) \dt_l+1 ) e

4 l+1)l / | l+1
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with @ — 0 in (25) and set b = h, [ = 1 we have (

(26)
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The proof is complete. U
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