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Abstract

In this work, the performances of maximum likelihood (ML)

and restricted maximum likelihood (REML) estimation of linear

mixed effects models were examined. The behaviours and

properties of the ML and REML methods of estimating the

variance-covariance components in linear mixed effects models

were studied via Monte-Carlo experiment. Results revealed

that both estimation techniques yielded the same estimates

of the fixed effects parameters. However, ML estimates of

variance-covariance components, especially for the random

effects terms were more biased downwards than the REML

counterparts. It was also discovered that the biasness of the

ML estimates for the variance-covariance components increase

as the number of fixed effects parameters in the model increase.
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1. Introduction

Statistical methods for analyzing cross-sectional data where only one measure-
ment is made for a variable of interest for each individual are well developed, such
as classical linear regression models and generalized linear models. An important
assumption for cross-sectional data is that observations are independent of each
other. Therefore, statistical methods for analysing cross-sectional data cannot
directly be used for analysing clustered (e.g. longitudinal) data or correlated
data (Pinheiro and Bates, 2000). Some of the typical characteristics of clustered
dataset are that it has more than one measurement per cluster and are often
unbalanced; there may be significant variation among measurements within each
cluster and among measurements between different clusters; the observed data
are often complex or incomplete due to the fact that there may be missing data,
measurement errors, censoring, and outliers. Because of these characteristics of
clustered data, statistical models and methods for analyzing such (longitudinal)
data can be challenging. Mixed models were developed to handle clustered data
that are characterized with repeated measurements in which data fall into differ-
ent clusters. Data within the same cluster may be correlated, but data between
different clusters are often assumed to be independent (Wu, 2010). In these mod-
els random effects are introduced to incorporate the between-individual variation
and within-individual correlation in the data. The parameters in a mixed effects
model can be classified into two types: fixed effects that are associated with the
average effect of predictors on the response, and variance-covariance components
associated with the covariance structure of the random effects and of the error
term (Wang and Heckman, 2009). Several estimation methods have been pro-
posed for estimating mixed effects models but the maximum likelihood (ML) and
restricted maximum likelihood (REML) are generally adopted estimation tech-
niques for linear mixed effects models (Harville, 1977; Longford, 1993). The ML
and the REML estimation techniques are the generally acceptable methods of
fitting linear mixed effects (LME) models with REML being less biased than ML
(Corbeil and Searle, 1976; Haville, 1977). The theoretical reasons why the ML
estimates of the variance components are more biased than the REML estimates
were provided separately in the above works. The ML estimates are biased down-
ward because the degrees of freedom lost in the estimation of the fixed effects
parameters are not incorporated in the estimation of the variance components.
Haville (1977) also reported that the mean square error (MSE) of ML estimates
may be higher than that of REML estimates. However, no empirical results were
used to substantiate these findings.

In the present study, the performances of both the ML and REML estimation
methods were investigated on classical LME models with a view to comparing
their efficiency on the parameters of the models using Monte Carlo experiments.
The behaviour of the two estimators under different numbers of fixed and random
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effects parameters in the model at varying sample sizes was examined. Knowledge
of this would provide a reasonable guide on when to be more concern on the
efficiency of the model given the inherent number of fixed and random effects in
the model in real life cases. In all cases, the efficiency of the models was assessed
using the absolute bias and the mean square errors of the parameters estimates.
In section 2, the general concept of Linear Mixed Effects models, the ML and
REML estimation techniques are summarized. Section 3 presents an overview of
the Monte-Carlo experiment and the results obtained. Detailed discussion of the
results and conclusion are provided in Section 5.

2. MATERIAL AND METHODS

2.1. THE LINEAR MIXED EFFECT MODELS. A general LME model
can be written as

(1) yij = Xiβ + Zibi + eij , i = 1, 2, ..., n; j = 1, 2, ...,m

bi ∼ N(0, D), eij ∼ N(0, Ri), where yij is the jth observation for the ith cluster;
β is a Px1 vector of fixed effects; bi is a qx1 vector of a random effects; Xi is nixq
design matrix which may also contain covariates. The eij in model (1) represent
the random errors of the measurements within cluster i, D is a qxqcovariance
matrix of the random effects, and Ri is a nixni covariance matrix of the within-
cluster errors. We often assume that Ri = σ2

eI for simplicity, where I is the nixni
identify matrix, i.e the within-cluster measurement are assumed to be indepen-
dent with constant variance. The value of σ2

e represent the magnitude of the
within-cluster variation, and the values of the diagonal elements of D represent
the magnitude of the between-cluster variation. A distinguishing characteristic
of the MLE model (1) is that it is linear in both the mean parameters β and the
random effects.
Likelihood methods are the classical inferential tools for mixed effects models.
The ML and REML are the most common estimation methods used for linear
mixed effects models. The estimates of the unknown parameters in LME model
based on the ML and REML estimation techniques can be obtained using an iter-
ative algorithm such as an expectation-maximization (EM) algorithm (Wu, 1983;
McLachlan and Krishnan, 1997) or a Newton-Raphson method (Laird and Ware
1982; Lindstrom and Bates 1988; Verbeke and Molenberghs 2001; Harville 1977).
Computational details of all these can be find in Pinheiro and Bates (2000).
However, following Pinheiro and Bates (2000), the marginal distribution of the
response y is given as y ∼ N(Xβ,ZDZT + σeI).The likelihood fucntion of the
observed data y = (y1, y2, ..., yn) is given as,

(2) L(θ | y) =

n∏
i=1

f(yi | β, σ2
eI,D)
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→

(3) L(θ | y) =

n∏
i=1

f(yi | β, σ2
eI, bi)f(b,D)dbi

The variance of teh error term, σ2
e can be factored from variance covariance

matrix of the random effect, that is D = σ2
eD

s, where,Ds is called the scaled
variance-covariance matrix of the random effects. The log likelihood function of
y is then given by
(4)

L(β, σ2, Ds, | y) =
1

2

[
n log(2πσ2

e) + log(|D|) +
1

σ2
(y −Xβ)TD−1(y −Xβ)

]
where
D = I + ZDS

AZ
T

2.1.1. Maximum Likelihood (ML) Estimation. For fixed Ds, the values of β and
σ2 that maximize the log likelihood function of y is given by

(5) β̂(Ds) =
[
XT (D)−1X

]−1
XT (D)−1y

(6) σ2
e(Ds) =

1

n

[
y −Xβ̂(Ds)

]T
(D)−1

[
y − β̂(Ds)

]
2.1.2. Restricted Maximum Likelihood (REML) Estimation. The estimates of D
and σ2

e tend to be underestimated by the ML estimation procedure (Harville,
1977). Therefore, the REML (Harville, 1974) may be preferred for these quanti-
ties. Consider the QR decomposition (Thisted, 1988) of X of the form;

X =
(
Q1 Q2

)(R1

0

)
where R1 is the upper triangular. The REML estimates can be obtained from
the likelihood of y∗ = QT

2 y. It can be shown that y∗ dimN(0,
∑

), where
∑∗ =

σ2(I +QT
2 ZD

s
AZ

TQ2). Letting Z∗ = QT
2 Z and n∗ = n− p0. The corresponding

restricted likelihood can be written as

(7) `R(β, σ2, D2 | y) =
−1

2

[
n∗ log(2πσ2

e) + log(|D∗|) +
1

σ2
y∗T (D∗)−1y∗

]
Where
D∗ = I + Z∗DS

AZ
∗T .

For fixed DS , the value of σ2 that maximizes the log likelihood is given as:

(8) σ̂2
R(DS) = (

1

n∗
)y∗T (I + Z∗DS

AZ
∗T )y∗

The restricted likelihood (7) does not depend on β and hence no fixed effects
REML estimates are available. However, replacing DS by its corresponding
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REML estimate can be used to provide estimates for the fixed effects in re-
stricted maximum likelihood estimation. Details of this procedure were provided
in Hartley and Rao (1967), Laird and Ware (1982), Lindstrom and Bates (1988)
and Wolfinger, Tobias and Sall, (1991) among others.

2.2. SIMULATION SCHEME. In this section, the scheme adopted for the
Monte Carlo experiments were provided and results from the analysis presented.
Three different models with varying number of fixed effects parameters were
considered. The actual values of the fixed effects and values of the variance
components were arbitrarily chosen.
Model 1: This model has one random effect and three fixed effect parameters.
yij = (β0 + bi) + β1X1 + β2X2 + εij , i = 1, 2, ..., n; j = 1, 2, ..., 4

where, yij is the jth observation for the ith cluster; bi ∼ N(0, σ2
b ) and εij ∼

N(0, σ2
e), with bi independent of εij . The values of the model parameters were

set as follows: β0 = 17.7,β1 = 0.7,β2 = −3.3, σ2
b = 5.3, σ2

e = 4. Each cluster n
was varied from 3to500.
Model 2: This model has one random effect and four fixed effect parameters.
yij = (β0 + bi) + β1X1 + β2X2 + β3X3 + εij , i = 1, 2, ..., n; j = 1, 2, ..., 4
The difference between this model and model 1 is the extra fixed effect parameter
(β3 = 5). The settings and values of all other parameters in model 2 are as
specified for model 1.
Model 3: This model has one random effect and eight fixed effect parameters.
yij = (β0 + bi) + β1X1 + β2X2 + β3X3 + β4X4 + β5X5 + β6X6 + β7X7 + εij , i =
1, 2, ..., n; j = 1, 2, ..., 4
This model differs from model 1 and model 2 in that it has eight fixed effects
parameters. The values of the additional fixed effects parameters are set as
follows: β4 = 5.1, β5 = −5.8, β6 = 2.1, β7 = −3.5, σ2

b = 5.3, σ2
e = 4. The setting

and values of all other parameters in model 4 are as specified for models 1 and 2.
In all the three models settings above, the numbers of clusters n considered are
3, 4, 5, 6, 7, 8, 9, 10, 15, 20, 30, 40, 50, 60, 70, 80, 90, 100, 200, 300, 400 and
500 making a total of 22 clusters with 4 observations per cluster. This implies
that there are 4n observations per simulation. Also, each model simulated at a
particular cluster (sample) size was replicated 1000 times. This implied that a
total of 1000 datasets were simulated for each model.
The estimates of the parameters of the models were obtained using the ML and
REML procedures. The expected values of the parameter estimates for each
model at a particular sample size were obtained by obtaining the average of all the
1000 estimated parameters. The data simulation and all numerical computations
were carried out using R statistical package. The R library package ”lme4” was
invoked to obtain the ML and REML techniques.
The relative efficiency of the two estimators (MLE and REML) were examined
using absolute bias (AB) and mean square error (MSE) of the estimates as well
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as Mean square prediction error (MSPE) of the fitted models. Relevant graphical
illustrations were provided to give more credence to the numerical results.

3. ANALYSIS AND RESULTS

3.1. Results. Relevant results obtained from the simulation studies are provided
in this section under the three models specified in Section 2.

3.1.1. Monte-Carlo Results for Model 1. In Model 1, there is only one random ef-
fect and three fixed effect parameters. The results of ML and REML estimations
for the three fixed effect parameters β0,β1 and β2 in the model are presented in
Table 1. The results reported in Table 1 are the average estimates of each pa-
rameters by MLE and REML methods at each cluster size over 1000 replications.
The graphs of absolute bias of the estimated parameters β0, β1 and β2 by MLE
and REML methods bases on the results in Table 1 are plotted as presented by
Figures 1, 2 and 3 respectively.
One unique feature observed in the results in Table 1 is that the estimates of the
fixed effect parameters provided by both the MLE and REML methods were the
same for each parameter at each cluster size n.

Table 1: Results of ML and REML estimations of the fixed effects parameters
β0,β1 and β2 in Model 1. The average estimates of the parameters using ML and
REML estimators are reported in the table for different number of cluster (n)
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Figure 1: Plots of the absolute bias of ML and REML estimates of β0 against
the cluster sizes n = 5 to n = 500 for Model 1.

Figure 1: Plots of the absolute bias of ML and REML estimates of β0 against
the cluster sizes n = 5 to n = 500 for Model 1.

Table 2 presents the results of the average estimates of the variance of the
random effect parameter σ2

b as estimated by ML and REML methods over 1000
replications. The absolute bias and the MSE of the parameter estimates under
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Figure 3: Plots of the absolute bias of ML and REML estimates ofβ2 against
the cluster sizes n = 5 to n = 500 for Model 1.

the two estimators are equally provided in the table.
The results in Table 2 reveal that the estimates of σ2

b by the ML method are
more biased than those of the REML method especially at small sample (cluster)
sizes. However, as the sample size increases, the performances of the two methods
become apparently similar. This pattern of performance was made clearer by the
plot of the estimated σ2

b by the ML and REML methods against the cluster size
(n) up to n = 30 (to ensure clarity) as presented by the graphs in Figure 4. The
graphs of the estimated bias and MSE of this parameter estimates over this small
cluster size are also provided as Figure 5 and Figure 6 respectively. Interestingly,
the graph in Figure 6 revealed that the MSEs of the ML estimator are relatively
lower than those of the REML estimator, especially at lower sample sizes.
Without loss of generality, the plots of the estimated σ2

b , its respective bias and
MSE over all the 22 clusters employed here are provided by the graphs in Figures
A.1, A.2 and A.3 in Appendix A.

Table 2: Results of ML and REML estimations of the variance component σ2
b of

the random effects parameter in Model 1. The average estimates of σ2
b using

ML and REML estimators, their respective estimated bias and MSE over 1000
iterations are reported in the table for different number of cluster (n).
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[htp]
Figure 4: Plots of the estimated σ2

b for Model 1 using ML and REML methods
against the cluster sizes n up to n = 30.
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[htp]
Figure 5: Plots of the absolute bias of ML and REML estimates of σ2

b for Model
1 against the cluster sizes n up to n = 30.

[htp]
Figure 6: Plots of the MSE of ML and REML estimates of σ2

b for Model 1
against the cluster sizes n up to n = 30.

Also, the results of the MLE and REML estimations of the variance of the error
term in Model 1 σ2

b are provided in Table 3. Graphs in Figures 7, 8 and 9 are the
plots of the estimated values of σ2

b , the respective bias and MSE over the cluster
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sizes (n) up to n = 30. Also, for large values of n, the plots of the estimated σ2
b ,

its respective bias and MSE over all the 22 clusters employed are provided by the
graphs in Figures A.4, A.5 and A.6 in Appendix A.
It can be observed from the results in Table 3 and Figures 7 to 9 that the esti-
mates of σ2

b provided by REML method are closer to the true value of 4 used for
simulating the model. Thus, the ML estimator appeared more biased than the
REML estimator at estimating this variance parameter. However, the estimates
provided by the two methods become closer as the sample size increases.
Finally, the efficiencies of both the ML and REML methods at estimating Model
1 were accessed by computing the MSPE of the fitted model. This was done
to determine the prediction strength of the fitted models based on the ML and
REML estimators. The plot of the computed average MSPE against the sample
(cluster) sizes averaged over 1000 iterations is provided by the graph in Figure
10. The graphs of MSPE of the two estimators over all 22 cluster samples are
presented as Fig A.7 in Appendix A.

Table 3: Results of ML and REML estimations of the variance component σ2
b of

the random error term Model 1. The average estimates of σ2
b using ML and

REML estimators, their respective average estimated bias and MSE over 1000
iterations are reported in the table for different number of clusters (n).
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Figure 7: Plots of the estimated σ2
b for Model 1 using ML and REML methods

against the cluster sizes n up to n = 30.

Figure 8: Plots of the absolute bias of ML and REML estimates of σ2
b for Model

1 against the cluster sizes n up to n = 30.
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Figure 9: Plots of the MSE of ML and REML estimates of σ2
b for Model 1

against the cluster sizes n up to n = 30.

[htp]
Figure 10: Plots of the MSPE against the cluster sizes n up to n = 30 based on

ML and REML estimators for Model 1.

3.2. Monte-Carlo Results for Model 2. Model 2 has one random effect and
four fixed effects parameters. Additional fixed effects parameter β3 = 5) was in-
cluded in Model 1 to have Model 2 while the remaining terms in the model were
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left unaltered. The behaviours of both the ML and REML estimators on fixed
effects parameters were the same as those of the first model, Model 1. Hence, the
results of fixed effects parameters estimates for Model 2 using the ML and REML
methods are not reported here again. Henceforth, further discussions shall be on
estimation results for the variance of the random effects components σ2

b and σ2
e

in the model.
Summary of the results of estimations of σ2

b and σ2
e in Model 2 by both the ML

and REML methods are provided in Tables 4 and 5. The two tables presented
the estimated average values of σ2

b and σ2
e by ML and REML estimators, their

respective absolute biases and MSEs over 1000 iterations. The results from the
two tables equally showed that the REML estimator is relatively more efficient
that the ML estimator using the computed absolute biases and MSEs of these
estimators, especially at small sample sizes. The performances of the ML esti-
mator equally improved as the sample size increases.

Table 4: Results of ML and REML estimations of the variance component σ2
b of

the random effects parameter in Model 2. The average estimates of σ2
b using

ML and REML estimators, their respective estimated bias and MSE over 1000
iterations are reported in the table for different number of cluster (n).

The plots of estimated values of σ2
b by the ML and REML methods against the

cluster size (n) up to n = 30 (for clarity) is provided by the graph in Figure 11.
The graphs of the estimated σ2

b by both methods over the entire cluster numbers
n (up to n = 500) is presented as Figure B.1 in Appendix B.
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Table 5: Results of ML and REML estimations of the variance component σ2
b of

the random error term Model 2. The average estimates of σ2
b using ML and

REML estimators, their respective average estimated bias and MSE over 1000
iterations are reported in the table for different number of clusters (n).

Figure 11: Plots of the estimated σ2
b for Model 2 using ML and REML methods

against the cluster sizes n up to n = 30.

The graphs of the estimated bias and MSE of σ2
b by ML and REML methods over

the entire cluster sizes are also provided as Figure 12 and Figure 13 respectively.
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From the graphs in Figures 11 and 13, it can be observed that the REML estima-
tor with relatively smaller absolute bias is more efficient than the ML estimator
for σ2

b . Although, the graph of the MSE in Figure 13 indicated a slight im-
provement of ML estimator over the REML method, especially at smaller sample
sizes. Nonetheless, the performances of the two methods are apparently similar
at higher sample sizes.

Figure 12: Plots of the absolute bias of ML and REML estimates of σ2
b for

Model 2 against all the cluster (sample) sizes n (up to n = 500).
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Figure 13: Plots of the MSE of ML and REML estimates of σ2
b for Model 2

against all the cluster (sample) sizes n (up to n = 500).

Similarly, the graphs of the estimates of σ2
e by ML and REML estimators for

Model 2 over the cluster size n up to n = 30 is given by Figure 14. The graphs
of the absolute biases and MSEs of the estimates of σ2

e of Model 2 by the two
estimators are also provided by Figures 15 and 16 respectively. Also, the plots of
MSPEs of the ML and REML estimators for Model 2 are also provided as Figure
17.
The behaviours of ML and REML estimators on σ2

e for Model 2 are quite similar
to their results for Model 1 in which the biases of the REML estimators are
relatively smaller than those of the ML estimation method. Also, like in the case
of the first model, the MSEs of the ML estimates are lower than those of the
REML as observed in Table 5 and 6. This can also be observed in the Fig. 13
and 16.
The results in Table 5 and the graphs of the results given by Figures 14, 15 and
16 showed that the behaviour of the estimates for σ2

e is very similar to those of
the first model. Once again, the MSPEs yielded by models fitted by REML are
lower than those fitted by ML as shown by the graphs in Figure 17 for cluster
sizes n up to n = 30. The graph of MSPEs over all the sample sizes for Model 2
is presented as Figure B.3 in Appendix B.
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Figure 14: Plots of the estimated σ2
e for Model 2 using ML and REML methods

against the cluster sizes n up to n = 30.

Figure 15: Plots of the absolute bias of ML and REML estimates of σ2
e for

Model 2 against all the cluster (sample) sizes n (up to n = 500).
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Figure 16: Plots of the MSE of ML and REML estimates of σ2
e for Model 2

against all the cluster (sample) sizes n (up to n = 500).

Figure 17: Plots of the MSPE against the cluster sizes n up to n = 30 based on
ML and REML estimators for Model 2.

3.3. Monte-Carlo Results for Model 3. Model 3 has one random effect and
eight fixed effects. Here, four other fixed effects parameters (β4 = 5.1, β5 =
−5.8, β6 = 2.1, β7 = −3.5) were included in Model 2 to form Model 3 while
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leaving the remaining terms and parameters as they were in Model 2. The fixed
effects parameters showed the same behaviour as described in the case of the first
and second models. One unique feature in Model 3 is that the minimum number
of cluster allowable is 10 due to the number of parameters in the model.
Simulation results for Model 3 which contains eight fixed effects parameters are
summarized in Table 6 and 7. The graphs of the estimated values of σ2

b by ML
and REML methods are provided in Figure 18 for cluster sizes n up to n = 50.
The plot of these estimates by both methods over all the cluster sizes employed is
presented as Figure C.1 in Appendix C. The graphs of their respective bias and
MSE of estimates are provided by Figure 19 and 20.

Table 6: Results of ML and REML estimations of the variance component σ2
b of

the random effects parameter in Model 3. The average estimates of σ2
b using

ML and REML estimators, their respective estimated bias and MSE over 1000
iterations are reported in the table for different number of cluster (n).
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Figure 18: Plots of the estimated σ2
b for Model 3 using ML and REML methods

against the cluster sizes n up to n = 50.

Table 7: Results of ML and REML estimations of the variance component σ2
b of

the random effects parameter in Model 3. The average estimates of σ2
b using

ML and REML estimators, their respective estimated bias and MSE over 1000
iterations are reported in the table for different number of cluster (n).
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Figure 19: Plots of the absolute bias of ML and REML estimates of σ2
b for

Model 3 against all the cluster (sample) sizes n (up to n = 500).

Figure 20: Plots of the MSE of ML and REML estimates of σ2
b for Model 3

against all the cluster (sample) sizes n (up to n = 500).
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Similarly, the graphs of the estimated σ2
e by both ML and REML estimators

are provided by Figure 21 for cluster sizes n up to n = 50. The plot of these
estimates by both methods over all the cluster sizes employed is presented as
Figure C.2 in Appendix C. The graphs of the absolute biases and MSEs of the
two estimators for σ2

e are equally provided as Figures 22 and 23 respectively. The
results show that the ML and REML estimates of σ2

band σ2
b behaved in a very

similar manner like the first two models earlier discussed.

[htp]
Figure 21: Plots of the estimated σ2

e for Model 3 using ML and REML methods
against the cluster sizes n up to n = 50.
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Figure 22: Plots of the absolute bias of ML and REML estimates of σ2
e for

Model 3 against all the cluster (sample) sizes n (up to n = 500).

Figure 23: Plots of the MSE of ML and REML estimates of σ2
e for Model 3

against all the cluster (sample) sizes n (up to n = 500).
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But, unlike the cases of Model 1 and Model 2, the MSEs of the REML esti-
mation of σ2

b are lower than those of the ML method when the sample size is 15
or more. This can be observed in Figures 18, 19, 20 and 21. In this case, the
biasness of ML for σ2

b has increased considerably compared to the first and second
model. The estimated biases of REML for σ2

b seems not to follow a particular
trend across the cluster sizes.
The behaviour of the estimates of σ2

b is once again very similar to those of the
first and second model as shown by Figure 21. The plot of the MSPEs over the
cluster sizes n up to n = 50 as shown in Figure 24 equally revealed that models
fitted using the REML method have lower MSPEs than those fitted by the ML
method. The plot of the MSPE over all the entire cluster sizes for Model 3 is
presented as Figure C.3 in Appendix C.

Figure 24: Plots of the MSPE against the cluster sizes n up to n = 50 based on
ML and REML estimators for Model 3.

Table 8: The absolute biases of σ2
b and σ2

e in the three models at n = 10.

Table 8 presents the biases of the ML and REML methods for the three models at
sample size (number of clusters) n = 10. The results showed that the bias of ML
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estimate of σ2
b increases considerably as the number of fixed effects parameters

in the model increases. This is not the case for the REML method. On the other
hand, the estimates of σ2

e do not seem to follow a particular trend but the bias
in model 3 is slightly more than that of model 1. Therefore, results here show
that the biasness of the ML estimation of σ2

e may not be seriously affected by the
number of fixed effects parameters in the model.

4. DISCUSSION OF RESULTS

The focus of this work is to characterize the performances of ML and REML
methods of estimating the variance components of linear mixed effects models.
Three models with different number of fixed effects parameters were considered.
The Monte-Carlo experiment was set such that the first, second and third models
contained three, four and eight fixed effects parameters respectively. The simu-
lated models mimicked typical models for longitudinal studies in real life cases
where the number of observations per experimental unit or observational unit
could be 4.
Data were simulated for the three models at different numbers observational unit
(clusters) ranging from 3 to 500. The ML and REML methods were used to fit
the models repeating the basic simulation one thousand times. Results of the
study show that both methods (ML and REML) provided the same estimates of
the fixed effects parameters. This implies that both methods are equally efficient
at estimating the fixed effect parameters. It was further discovered, as can be
seen in the various plots that the two methods are both biased for small samples,
but as the sample size increases the estimates approached the true value asymp-
totically.
Furthermore, the results revealed that the ML estimates of the variance compo-
nent of random effects σ2

b which is a vital component of the LME models are
relatively more biased than the REML estimates especially for small sample size
situations. The ML estimates of the variance component of the error terms are
also biased. Results from the various plots clearly showed that, though the bias
of the ML estimates are always higher than that of the REML estimates, the bias
reduces as the sample size increases. Hence, when the sample size is very large,
both methods provided almost the same estimates for the variance component of
random effects and that of the error terms with bias close to zero (see Figures 8,
12 and 15).

Astonishingly, the results in Tables 2 to 5 showed that the mean square errors
of the REML estimates of σ2

b and σ2
e are slightly higher than those of ML method

especially in small sample size cases (see Figures 6, 9, 13 and 16). The only
exception was observed in the case of Model 3 where the MSEs of the REML
method were lower than those of the ML method (see Figures 20 and 22). This
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is an indication that the MSE of the REML method compared to that of the ML
method may reduce as the number of fixed effects parameters increase. However,
the MSE for both methods almost converge at large sample sizes.
Using the MSPE criterion, the results showed that models fitted by REML
method yielded MSPEs that are relatively lower than those provided by the
ML estimator. This indicates that models fitted by REML method have better
fits than models fitted using the ML method. Nonetheless, as the sample size
increases, the MSPEs of models from both methods were quite close (see Figures
A.7, B.3 and C.3 in the Appendix).
Another important result from this study was that, the bias of the ML estimates
increases as the number of fixed effects parameters in the model increases. This
implies that the bias of the ML estimator is proportional to the number of fixed
effects parameters in the model. When the sample size is 10 for instance, the bias
of σ2

b for Model 1 with 3 fixed effects parameters is 1.2386. This bias increased
to 1.8307 for Model 2 with 4 fixed effects parameters and increased to 4.2421 for
Model 3 with 8 fixed effects parameters. The ML estimator is biased because it
does not account for the loss of degrees of freedom for estimating the fixed effects
parameters in the model. This makes it biased when there are many fixed effects
parameters in the model, substantiating the findings of Haville (1977). However,
results here show that the biasness of the ML estimation of the variance compo-
nent of the error terms σ2

e may not necessarily depend on the number of fixed
effects parameters in the model.

5. Conclusion

Two methods of estimating a classical linear mixed effects model ML and
REML methods - have been presented and examined in this work. Extensive
Monte-Carlo studies were carried out to establish the relative efficiencies of these
methods under varying parameter combinations.
Based on the findings from this work, it was observed that the choice of which
method to adopt depends on a number of factors such as number of fixed effects
parameters in the model and the sample size. It can however, be recommended
that the REML should be preferred to ML if there are quite a number of fixed
effects parameters in the model. However, when the sample size is fairly large
(for example n = 200), the two methods demonstrated apparent similar efficiency
based on the adopted assessment criteria in this work.
It is worth being mentioned that the ML and REML methods of parameter es-
timation were only considered for estimating mixed effects model in this work.
The strength of other methods of estimation such as the Minimum Norm Qua-
dratic Unbiased Estimator (MINQUE) as reported by Rao (1971), Hendersons
estimation procedures (Henderson, 1953) and Bayesian techniques (Gelfand et.
al, 1990) need to be investigated empirically for their relative efficiencies under
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varying conditions.
Mixed effects models are very powerful, flexible, and besides, very useful in many
real life situations like in Medicine, Engineering and humanities. Therefore, fur-
ther advancement and developments concerning this concept should constantly
be undertaken for better improvement. Applications of this kind of model using
some of its identified modeling techniques shall be presented in future work.
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6. APPENDIXES

6.1. APPENDIX A. THE GRAPHS OF THE RESULTS OF ML AND REML
ESTIMATORS OVER LARGE SAMPLES (CLUSTER SIZES) FOR MODEL 1.

Figure A.1: Plots of the estimated σ2
b for Model 1 using the ML and REML

methods over all the cluster sizes n up to n = 500.

6.2. APPENDIX B. THE GRAPHS OF THE RESULTS OF ML AND REML
ESTIMATORS OVER LARGE SAMPLES (CLUSTER SIZES) FOR MODEL 2.
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Figure A.1: Plots of the estimated σ2
b for Model 1 using the ML and REML

methods over all the cluster sizes n up to n = 500.

Figure A.2: Plots of the absolute bias of ML and REML estimates of σ2
b for

Model 1 against all the cluster sizes n up to n = 500.
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Figure A.3: Plots of the MSE of ML and REML estimates of σ2
b for Model 1

against all the cluster sizes n up to n = 500.

Figure A.4: Plots of the estimated σ2
e for Model 1 using the ML and REML

methods over all the cluster sizes n up to n = 500.
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Figure A.5: Plots of the absolute bias of ML and REML estimates of σ2
e for

Model 1 against all the cluster sizes n up to n = 500.

Figure A.6: Plots of the MSE of ML and REML estimates of σ2
e for Model 1

against all the cluster sizes n up to n = 500.
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Figure A.7: Plots of the MSPE against all the cluster sizes n up to n = 500
based on ML and REML estimators for Model 1.

Figure B.1: Plots of the estimated σ2
b for Model 2 using the ML and REML

methods over all the cluster sizes n up to n = 500.
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Figure B.2: Plots of the estimated σ2
e for Model 2 using the ML and REML

methods over all the cluster sizes n up to n = 500.

Figure B.3: Plots of the MSPE against all the cluster sizes n up to n = 500
based on ML and REML estimators for Model 2.
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6.3. APPENDIX C. THE GRAPHS OF THE RESULTS OF ML AND REML
ESTIMATORS OVER LARGE SAMPLES (CLUSTER SIZES) FOR MODEL 3.

Figure C.1: Plots of the estimated σ2
b for Model 3 using the ML and REML

methods over all the cluster sizes n up to n = 500.
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Figure C.2: Plots of the estimated σ2
e for Model 3 using the ML and REML

methods over all the cluster sizes n up to n = 500.

Figure C.3: Plots of the MSPE against all the cluster sizes n up to n = 500
based on ML and REML estimators for Model 3.


