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DERIVATION AND ANALYSIS OF BLOCK IMPLICIT HYBRID
BACKWARD DIFFERENTIATION FORMULAE FOR STIFF

PROBLEMS

MUHAMMAD, R., YAHAYA, Y. A. anp IDRIS L.

ABSTRACT

The Hybrid Backward Differentiation Formula (HBDF) for
the case k& = 3 was reformulated into continuous form using
the idea of multistep collocation. The continuous form was
evaluated at some grid and off grid points which gave rise to
discrete schemes employed as block methods for direct solution
of first order Ordinary Differential Equation ¢y’ = f(z,y). The
requirement of a starting value and the overlap of solution
model which are associated with conventional Linear Multistep
Methods were eliminated by this approach. A convergence
analysis of the derived hybrid schemes to establish their effec-
tiveness and reliability is presented. Numerical example carried
out on stiff problem further substantiates their performance.

1. INTRODUCTION

We consider the Initial Value Problem of the form:

(1) y' = f(x,y) y(xo) = yo

Where the solution y is assumed to be a differentiable function on an interval
[0, b],b < co. Many methods for solving (1) exists, one particular method is the
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Linear Multistep Method. Linear Multistep Methods require less evaluation of
the derivative function f than one step methods in the range of integral [z, b]. For
this reason they have been very popular and important for solving (1) numerically.
But these methods have certain limitations such as the overlap of solution models
and the requirement of a starting value. Other limitations include they yield
the discrete solution values y1,...,yNy hence uneconomical for producing dense
output. A continuous formulation is desirable in this respect. The collocation
method is probably the most important numerical procedure for the construction
of continuous methods (see [10], [12], [13], [14]).

In this research paper, we derived the Block Hybrid Backward Differentiation
Formulae (BHBDF) for step (k = 3). The block methods were used to solve (1)
directly without the need of a starting value. Their performances were compared
with the analytical solution to the problem (see [1], [6], [7], [15], [16] and [17]).

2. THE MULTISTEP COLLOCATION (CMM) METHOD

Lambert [8], [9] adopted the Continous Finite Difference (CFD) approximation
method by the idea of interpolation and collocation. Later, Lie [10], Onumanyi
[12], [13] referred to it as Multistep Collocation (MC). The method is presented
below:

(2) a=(ao,a1,0a,..., a(t+m—1))T7 p(r) = (po(x), p1(), ... v@(t—i—m—l))T

where a,,7 = 0,...,t +m — 1 are undetermined constants, ¢, (x) are specified
basis functions, 1" denotes transpose of, ¢ denotes the number of interpolation
points and m denotes the number of distinct collocation points. We consider a
continuous approximation (interpolant) Y (z) to y(z) in the form:

t+m—1
(3) y() = > arpr(x) =a p(x)
r=0
which is valid in the sub-intervals z, < z < x4k , where n = 0,k,..., N — k.

The quantities z9 = a,zny = b,k,m,n,t and ¢, (x),r = 0,1,....,t + m — 1 are
specified values. The constant co-efficient a, of (3) can be determined using the
conditions:

(4) y(anr]):ynJrjv ]:Ovlvat_l

(5) y,(fj):fnJri:O’l)am*l

where

(6) frti = F(@nsjs Tntj)

The distinct collocation points o, ...,z@m — 1), can be chosen freely from the

set [zn, Tnik]. Equation (4), (5) and (6) are denoted by a single set of algebraic
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equations of the form:

(7) Da=F
where
(8) F= (yn7 Yn+1---Yn+t—1, fn7 fn+17 ceey fn—l—m—l)T
9) a=D'F
where D is the non-singular matrix of dimension (¢ + m) below:

QDO(Q:TL) c (Pt—l—m—l(xn)

_ ‘10(-Tn+tfl) o Prpm—1(Tntt—1)
(10) D= wo(@0) -+ Prgm—1(T0)
41 (jm—l) Spt—l—m—l(i'm—l)

By substituting (9) into (3), we obtain the MC formula:

(11) y(x) = FI¢Tp(x), an <z <appn=0k,...,N—k
where
(=D""'=(cij)i,j=1,..t +m—1

C11, - -C1t Cl,t+1 Cl,t+m
(= a1, - .Cot C2,t+1 C2.t+m
Ct+ml, - -Ct+mit Ct+m,it+1  --Ct+mt+m
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with the numerical elements denoted by c¢;; 4,7 = 1,...,k +m. By expanding

CTp(x) in (11) yields the following:
t+m—1
(12) o) = (P (Bt oo )

t+m 10
Zr 0 r+1,k+mep,(z)

t—1 t+m—1 m—1 k+m—1
r+1,]+1
= Crrrgen(@) + Y 0| D D 55 00(@) | fosg

=0 r=0 7=0 r=0

(14) Z ;j(T)Yntj + b Z B () frt;

7=0
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where we construct o;(x) and §;(x) explicitly by
t+m—1

(15) a](:l") = Z CT+1,j+1SOT(x)’j =0,1,..,t—1
r=0

& (O
(16) Bj(x) = Z (hjtpr(:c)) ,7=0,1...,m—1

r=0
a, can be determined as follows:

t—1 m—1
(17) y(x) = Zaj,r—i-lyn—i-j +h Z 6j,r+1fn+j (Pr(x)
Jj=0 Jj=0

For K = 3, the general form of the method upon addition of one off grid point is
expressed as:

(18) y(x) = al(x)yn + a?(x)yn-i—l + OZS(x)yn—I—Z + a4(:v)yn+% + h/BO(x)fn-i-?:

The matrix D of the proposed method is expressed as:

(19)
1 Tn x2 3 ) o Yn
1 (zn+h) (zn+h)?  (z,+h)? (z, + h)* a9 Yn+1
1 (zn+2h) (zn+2hR)2 (zn+2h)3 (2, +2R)* as | = | Ynt2
1 (zn+3h) (wn+ 50?2 (2 +30)° (20 + 5h)* a Unid
0 1 (2x,, + 6h)  3(xy +3h)*  4(my, + 3R)3 s Fots
ie. Da=F

The matrix D in equation (19) which when solved by matrix inversion tech-
nique or Gaussian Elimination method will yield the continuous coefficients sub-
stituted in (18) to obtain continuous form of the three step block hybrid Backward
Differentiation Formula (HBDF)o with one off step interpolation point.

1 134h* + 507x,h3 + 60222 h% + 26723 h + 38x% 1 507h3 + 1204x,h% + 80122 h + 15223
y(@) = <134 KA T 134 KA B

1 602h% +801x,h + 22822 5 1 267h+ 152z, 5 19 4>

— Tt = 7+ T | Yn

134 h4 134 h4 67h*

1 2,186h3 4 517z, h? + 31622 h + 5227 2 93h3 4 517z, h? + 47422 h + 10423
(67 B T 67 KA v
1 517h% + 948z, h + 31222 , 4 T9h +52%, 5 52
o7 hA S A T ) Y+l

1 2,460z,h* 4 393z h + Tdx) + 1410° N 1 920z,h* + 117927 h 4 2965 + 141h°
402 R4 402 h4
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1 4600° +1179z,h 4 444x7 5 1 393h +296x, 5 = 37
402 X ST TR T T K

—16 V) + 72a0h + 1392,h° + 780 32 222} + 108237 + 1392, h° + 39h3$
201" h4 201 h4

16 6622 + 216w,k + 1392 5 182, 7h 64 Loy 4 18h 4 176,
201 B 67 13 201 A 20102" ) Yn+s

- x

67 h3 67 h3

< 1 w22 4+ Taph + Teah® +20%) 1 8a) + 21aph + 14w, h* + 207

1 1222 + 21x,h + Th? 1 8z, + 7h 2
20 +5 3 Cog gt ) S
Evaluating equation (20) at © = z,43 and its derivative at z = zp41,2 =

Tpy2, T = x, 1 yields the following four discrete hybrid schemes which are used
2
as block integrators:

2 w0 e 0w
67 Yn+1 67 Yn+2 T Yn+3 67 yn+% = 67 Yn 67 n+3

n 52 448 _ 72 n 201hf n 3 hf
Yn+1 394 Yn+2 324yn+% ~ 394 Yn 394 n+1 394 n+3
1476 1088 261 402 36

e Yk — Yt = oY — D )
649 U+t T Une T g e = Tgag¥n T Gag M2 ¥ g

(21) _2880 n 245 n _ _1035 _ 1608 ! n 18 hf
160071 T 160072 T Ynts T T 16007 T 1600 n+z T 16007 ™R
Equation (21) constitute the members of a zero-stable implicit block integrators

. T
of order (4,4, 4,4)T with Cs5 = [—21—658, ﬁ, —%, —%] as the error constants
respectively. To start the integration process with n = 0, we use (21) and this pro-
duces y1,y1,y2 and y3 simultaneously without the need for any starting method

2

(predictor).

3. STABILITY ANALYSIS

Following Fatunla [2], [3], [4], that defined the block method to be zero-stable
provided the roots R;; = 1(1)k of the first characteristic polynomial p(R) specified
as:

(22) p(R) = det =0

=0
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satisfies |R;| < 1, the multiplicity must not exceed 2.
The block methods proposed in equations (21) for £ = 3 are put in the matrix
equation form and for easy analysis the result was normalized to obtain:

10 00 0 001
0100 0 001
0 _ 1
(23) A= 0010 A= 0 001
0 0 01 0 001

The first characteristic polynomial of the block method is given by
p(R) = det(RA® — A'). Substituting the A° and A® into the function above gives

1000 000 1
010 0 000 1
(24) plR)=det \R\ g 1 0|~ 0o0 01
000 1 000 1

RO 0 -1

0 R 0 -1

=detl v o R -1

00 0 R—1

=R} R(R-1)-0=0=>R =Ry=R3=00r Ry =1

To determine the order and error constant, we consider the Taylor series ex-
pansion of
(25)

1 2 1p 3 11)°
Voern =9 (n+ ) =) + S/ (n) + by () + By, Gy )
3 . s
ot = Y = () + hy' () + Gy () + GEy" () + GEy ()4 O
Yn2 = Ynzn = y(n) + 2hy/ (n) + “"SR y'(n) + gy (n) + Cy () 4+ ()
Ynts = Ynsan = y(n) + 3hy () Sy () + Sy ) 4 EF )+ 4 B ()
1y 1p 1p)o™
f% =Y (n + %h) 1hy//( )+ (22!) y"'(n) + (231) y"'(n)+, --~7+(2s_)1! y*(n)
fi=y :/()—i—h” (R)?2 . m (R)® v [N (h)*' s
n+h =Y N y'(n) + S Y (n) + 3 Y (n) + Yy (n)+, a+(s,1)gy (n)
3 . 4 (s—1)
Fa = Union = o' (n) + 20y (n) + E g (ny 4 LA i) 4 CB) 24

3 . 4
f3 = Unssn = ¥/ (n) + 3hy"(n) + Coy" (n) + Ly (n) + E g )+, o+ By

By substituting into each of equation (21), we have

25 w020 a1
67 Yn+1 67 Yn+2 T Yn+3 67 yn_;,_% 67yn 67 n+3 = 268 Yy,




DERIVATION AND ANALYSIS OF BLOCK IMPLICIT HYBRID BACKWARD... 55

15

the method is of order 4 and the error constant is — 568

L 52 “s 1T 201, 3 g AL s
Intl T 3o ¥nt2 T g Yn TG T 3o Yn T gyt Intt T g0y IS = 30090 Y
the method is of order 4 and the error constant is 4350
1476 1088 et 1) 261 +402 hf 36 36, B 97 9T s
649 Yn+1 — Yn+2 649 y( 649 649 n+2 — 649 n+3 — 2680 y )
the method is of order 4 and the error constant is —%

2880 N 245 N +1035 +1608hf _ 18 f 79 79 45
~T600Y++ Tgo0 Y2 TYn+12 100 ¥ Tg00 "+ " Te00 P = “gge” ¥

the method is of order 4 and the error constant is —%
From equation (25) the hybrid method is zero stable and consistent since (22) is
satisfied and the order of the method p = 4 > 1(as shown above). And by [5];

the hybrid method is convergent.

4. NUMERICAL EXAMPLE

To illustrate the performance of our proposed methods we will compare their
performance with analytical results. Consider the Initial Value Problem

y=My-2)+1 y0)=1

The problem is stiff in nature for negative A values and it has analytical solution
y(z) = M 4 .
The problem is solved with A = —5,and A = —20 and steplength h = 0.01 using

the Block Hybrid Backward Difference Formulae(BHBDF) for k£ = 3.

Table 1: Proposed BHBDF for k=3, A= -5

N | X | Exact Value | ApproxitionV alue Error

0 | 0.00 | 1.000000000 1.000000000 0.000

1 10.01| 0.961229424 0.96122943 6.000 x 1077
2 10.02 | 0.924837418 0.924837426 8.000 x 1077
3 10.03 | 0.890707976 0.890707978 2.000 x 1077
4 10.04 | 0.858730753 0.858730759 6.000 x 1077
5 10.05 | 0.828800783 0.828800791 8.000 x 1077
6 | 0.06 | 0.800818223 0.800818223 3.000 x 1077
7 10.07| 0.774688089 0.774688096 6.280 x 1077
8 10.08 | 0.750320046 0.750329954 8.876 x 1077
9 10.09 | 0.727628151 0.727628155 4.395 x 107°
10| 0.1 | 0.706530659 0.706530667 8.000 x 1077




56

Table 2: Proposed BHBDF for k =3, A = —20
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N | X | Ezact Value | ApproxitionV alue Error

0 | 0.00 | 1.000000000 1.000000000 0.000

1 10.01| 0.828730753 0.828734704 3.951 x 10~°
2 10.02 | 0.690320046 0.69032541 5.364 x 107°
3 10.03 | 0.578811636 0.578811514 1.220 x 10~ 7
4 10.04 | 0.489328964 0.489331033 2.069 x 1076
5 10.05 | 0.417879441 0.417882303 2.862 x 107°
6 | 0.06 | 0.361194211 0.361194078 1.330 x 10~ 7
7 10.07 | 0.316596963 0.316598044 1.081 x 107°
8 10.08 | 0.281896518 0.281898044 1.526 x 1070
9 10.09 | 0.255298888 0.255298778 1.100 x 10~ 7
10| 0.1 | 0.235335283 0.235335846 5.6300 x 10~7

Remark

For accuracy and performance, the block method was compared with analytical
solution and it produced a very good result.

5. CONCLUSION

We have derived the hybrid form of the Backward Differentiation Formulae
(BDF) for k=3. The idea of Multistep Collocation (MC) was used to reformulate
the derived hybrid formulae into continous form which were employed as block
methods for direct solution of ¥y = f(x,y). A convergence analysis of the discrete
hybrid methods to establish their effectiveness and reliability was presented. The
methods were tested on stiff [IVP and shown to perform satisfactorily without the
requirement of any starting method.
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