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ABSTRACT

Tripled fixed point theorem is an improvement to cou-
pled fixed point. In this manuscript, we prove the ex-
istence and uniqueness of tripled fixed point for mixed
monotone mapping satisfying nonlinear contractions in the
framework of partially ordered G-metric space. Our re-
sults generalize and improve some results in the literature.

1. INTRODUCTION

Fixed point theory plays significant roles in numerous areas of pure and applied sciences
such as control theory, economic theory, global analysis, nonlinear analysis and in the fields
of engineering. Several researches have been conducted on the applications, generalizations
and extensions of the Banach contraction principle in different ways by either weakening
the contractive conditions or considering different mappings [1]-[14].

Recently, there has been an increasing interest in the study of the existence of fixed points
for contractive mappings satisfying monotone properties in ordered metric spaces. The first
fixed point result on a partially ordered metric space was given by Turinici [14] where he
extended the Banach contraction principle in partially ordered sets. Furthermore, Ran and
Reurings [15] presented some applications of Turinici’s theorem to matrices. Subsequently,
Nieto and Lopez [16] extended the result of Ran and Reurings for nondecreasing mappings
and use the results to obtain a unique solution for a first order differential equation.
Bhaskar and Lakshmikantham [1] introduced the ideology of coupled fixed point for con-
tractive mappings F : X x X — X satisfying the mixed monotone property and proved
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some interesting results. Also, Berinde and Borcut [13] introduced the concept of tripled
fixed point and proved some related theorems.

Hence, in this work, the aim is to prove the existence and uniqueness of tripled fixed point
for mixed monotone mapping satisfying nonlinear contractions in the context of partially
ordered G-metric space.

2. PRELIMINARIES

Some basic definitions and list of results that motivated our tripled fixed point theorems
are enlisted here.

Definition 2.1. (see [2]). A G-metric space is a pair (X, G) where X is nonempty set
and G : X x X x X — [0,00) is a function such that, for all z,y, z,a € X, the following
conditions are fulfilled:

(G1) G (2,y,2) =0if z =y = 2;

(Ga) G (xazy)>0forallxy€Xw1thx7£y,

(G3) G (z,x,y) = G(x,y,2) for all z,y,z € X with z # y;
(G4) G (z,y,2) = G(x,2,y) = G(y,z,x) = --- (Symmetry in 3);
(Gs) G (z,y,2) = G(x,a,a) + G (a,y, z) (rectangle inequality).

The function G is called a G-metric on X. The properties may be easily interpreted in the
setting of metric spaces. Let (X, d) be a metric space and define G : X x X x X — [0, 00.)
by G (z,y,2) = d(z,y) + d(x,z) + d(y,z) for all x,y,z € X. Then (X, G) is a G-metric
space.

Definition 2.2. (see [2]). Let (X, G) be a G-metric space and {x,,} be a sequence of points
of X. A point x € X is said to be the limit of the sequence {zy, } if lim,, 1—y00 G (Zp, T, ) =0,
and one says the sequence {z,} is G-convergent to z.

Thus, if x, — = in G-metric space (X, G), then, for any € > 0, there exists a positive
integer N such that G (x, x,, ;) < ¢ for all n,m > N.

Proposition 2.1. (see [2]). If (X,G) is a G-metric space, then the following are equiva-
lent:

(1) {zn} is G-convergent to x;

(2) G(xp, Ty, ) = 0 as n — oo;

(3) G(zy, x, ) -0 as n — oo; and

(4) G(zm, Tn, x) — 0 as m,n — oo.

Definition 2.3. (see [2]). Let (X, G) be a G-metric space. A sequence {x,} is said to be
G-Cauchy if every ¢ > 0, there exists a positive integer N such that G(z,, zp,, z;) < € for
all n,m,l > N, that is, if G (T, Tm, ;1) = 0, as n,m,l — oo.

Proposition 2.2. (see [2]). If (X, G) is a G-metric space, then the following are equiva-
lent:
(1) The sequence {xy} is G-Cauchy; and
(2) For every e > 0, there exists a positive integer N such that G (T, Tm, Tm) < €
for alln,m > N.

Proposition 2.3. (see [2]). If (X, G) is a G-metric space, then G(z, y, y) = 2G(y, =, x)
for all x,y € X.

Proposition 2.4. (see [2]). If (X, G) is a G-metric space, then G (z, z, y) = G (v, z, z)+
G(z, z, y) foralx,y, z€ X.
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Definition 2.4. (see [2]). Let (X,G),(X,G’) be two G-metric spaces. Then a function
f:X — X' is G-continuous at a point z € X if it is G-sequentially continuous at z; that
is, whenever {x,} is G-convergent to x, {f(z,)} is G -convergent to f(x).

Definition 2.5. (see [2]). A G-metric space (X, G) is said to be G-complete or a complete
G-metric space if every G-Cauchy sequence in (X, G) is convergent in X.

Proposition 2.5. (see [2]). Let (X, G) be a G-metric space. Then the function G (z, y, z)
18 jointly continuous in all three of its variables.

Definition 2.6. (see [2]). Let (X, =) be a partially ordered set and F' : X® — X be a
mapping. F' is said to have the mixed monotone property if F'(z, y, z) is non-decreasing
in x and z and is non-increasing in y, that is, for any z, y, z € X,
T, I‘QEX, r1 < 29 :>F($1,y,Z)SF(IE2, Y, Z)a
yi, y2 € X, y1 <y = F(z,y1, 2) > F(z, y2, 2,
z1, 2 €X, 21 <2 = F(z,y,21) < F(z, y, 22).
Definition 2.7. (see [2]). Let (X, <) be a partially ordered set and F' : X® — X be a
mapping. F is said to have the mixed monotone property if F'(x, y, z) is non-decreasing
in x and z and is non-increasing in y that is, for any z, y, z € X,
Ty, 12 € X, ¥ <xy = F(21,,2) < F (22, y, 2),
Y1) y2€X7 ylng :>F(x7y17 2, ’U))ZF(JZ', Y2, Z),
21, 22 € X, 2z <z = F(x,y,21, w) < F(z, y, 22).
Theorem 2.8. (see [1]). Let F : X?> — X be a continuous mapping having the mized
monotone propertyon X. Assume that there exists a k € [0, 1) with
d(F(z, y), F(u, v)) < %[d(x, u) +d(y, v)], for allu <z, y<wv.
If there exist xg,y0 € X such that xo < F(xo,y0) and F(yo, xo) < yo, then, there exist
x, y € X such that F(x, y) =x and F(y, z) =y.

Theorem 2.9. (see [1]). Let F : X?> — X be a mapping having the mized monotone
property on X. Suppose that X has the following properties:

(i) if a non-decreasing sequence {x,} tends to x, then x, < z,Vn;

(ii) if a non-increasing sequence {y,} tends to y, then x <y, Vn.

Assume that there exists a k € [0, 1) with

d(F(z, y),F(u, v)) < E[d(z, u) +d(y, v)].forallu<z, y<w.

If there exist xo,y0 € X such that xy < F (x0, yo) and F (yo, x0) < yo, then, there exist
x, y € X such that F (z, y) =x and F (y, x) =y.

Definition 2.10. (see [1]).Let (X, <) be a partially ordered set and F : X® — X be a
mapping. F is said to have the mixed monotone property if F'(x, y, z) is non-decreasing
in x and z and is non-increasing in ¥, that is, for any =, y, z € X,

X1, xQGXa $1§$2 :>F($1,y,Z)SF(CL'2, Y, Z)a

Y1, ?/2€X7 ylSyQ iPﬁ(:’naylv Z)ZF((E, Y2, Z)a

21, 72 € X, z1 < 22 :>F(x,y,zl)§F(ac, Y, 22)

Definition 2.11. (see [1]). An element (x, y, 2) € X? is said to be a tripled fixed point
of mapping F: X3 - X if F(z, y, 2) =z, F(y, x, y) =y and F (z, y, )= z.
For a metric space (X, d), the function p: X3 x X3 — [0, oc) , given by

p((x, Y, Z)7 (u’ v, w)) ::d(l‘, u)"'d(yv 'U)"'d(za w)
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Is a metric on X3, that is, the pair (X 3, p) is a metric space induced by d.

Theorem 2.12. (see [3]). Let (X, <) be a partially ordered set and G be a G-metric
on X such that (X,G) is a complete G-metric space. Suppose that F: X3 — X is

a continuous mapping having the mixed monotone property on X. Assume there exists
¢ € ® such that

G(F(z, y, z), F(u, v, s), F(a, b, ¢) +G(F(y, z, x), F(v, s,u), F(b, c,a))
+G(F(z,2, y), F(s,u, v), F(c,a, b)) < (G (w u, a)+G(y, v, b)
+G(z, s, 0)(G(z, u, a)+G(y )—I—G(z s, ¢))
forallx, y, z, u, v, s, a, b, c€ X withx = u = a,y X v b, and z >= s = ¢, where either
uF#aorv#bors#ec. If there e:m'stsxo,yo,zo eX such thatx > u, y <wv, z>w,xrg<

F (z0, yo, 20), Yo = F (yo0, 20, x0) ,20 < F (20, Yo, o), then F' has a tripled fixed point;
that is, there exist x,y,z € X such thatF (x, y, z) =z,F (y, =, y) =y,F (2, y, ) = z.

3. MAIN REsSuLT

In this section, we establish some tripled fixed point results by considering maps on gen-
eralized metric spaces endowed with partial order. Before going further, we define the
following function which will be used in our results.

Let sequences {z,}, {yn} and {z,} be nonnegative real numbers. Let ® denote all
the functions ¢ : [0, co)® — [0, 1) which satisfy that ¢ (€n, yn, 2n) — 1, implies
T, Yn, 2n — 0. An example of such function is as follows:

In(1+ki1z+koy+ksz) .
é(z, v, 2) = T oty ks ;at least one of x,y,z > 0 and ki, ks, k3 € [0,1)
€10, 1); r=0=y=2=z2

Theorem 3.1. Let (X, <) be a partially ordered set and G be a G-metric on X such
that (X, G) is a complete G-metric space. Suppose that F: X3 — X is a continuous
mapping having the mixed monotone property on X. Assume there exists ¢ € ® such that

(; [G(H, J, K)+G(L, M, N)+G (P, Q, R)])

(3.1)

S6(G @ u )+ G, v )+ G s, ) x T L DECW 0 DTELE 5 9
where, H = F(z, y, 2),J = F(u, v, s),K = F(a, b, ¢),L = F(y, z, ), M =
F (v, s,u),N = F (b, ¢,a),P = F(z,z, y),Q = F(s,u, v) and R = F(c,a, b) for
allz, y, z, u, v, s, a, b, ce X withx >u > a,y < v =<b, and z = s = ¢, where either
u#a orv#bors#c. If there exists xg, yo, z0 € X such that xo < F (zo, Yo, 20), Yo =
F (yo0, 20, o) ,20 < F (20, yo, x0), then F has a tripled fized point; that is, there exist
xz,y,z € X such that

F(z,y, 2)=x,F(y, z, y) =y, F (2, y, ) = 2.
Proof. Let xg,y0, z0 € X such that
zo < F (20, Yo, 20), Yo = F (Yo, 20, z0) , 20 < F (20, Yo, o).
We construct the sequences {x,}, {yn} and {z,} as
Tnt1 = F(Tn, Yn, 2n),

Yn+1 :F(yn) Ty yn)7
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(32) Zn+1 = F(Zn, Yn, xn)a
forn =1,2,3.... By the mixed monotone property, we have
ToIT1I T2 < Tpt1 X ..

B S ’
YFYLFY27 FYntl & -y
21202 X 1 -

Assume that there exists a nonnegative integer n such that

G ($n+1; Tn+1, .an) +G (yn-i-la Yn+1, yn) +G (Zn-i-la Zn+1, ZTL) =0.
It follows that

G (xn—i-l) Tn+1, $n) =0=G (yn+17 Yn+1, yn) =G (Zn—i-l, Zn+1, Zn) .
By property (G1) of G-metric space, we have Ty,11 = Tpn, Yn+1 = Yn and zp+1 = 2p.
Now, suppose that for all nonnegative integern

G ($n+1a Tn+1, fEn) +d (yn+17 Yn+1, yn) +G (Zn+17 Zn+1, Zn) 75 0.
Using 3.1 and 3.2 we have
(% [G (Tng1, T, xn) +G (yn—i-h Yn+1, yn) +G (zn—i-h Zn+1, Zn)])

= (3[G(A,B,C)+ G (L, M,N) + G (U,V,W)))
< ¢ (G (xn’ Ln, xn—l) ’G (yn, Yn, yn—l) ,G (Zn7 Zny Zn—l))

X (G(wnv Tn, xn71)+G(yn, Yn, ynfl)‘i’G(Zn; Zn, anl))
3 .

(3.3)

where A = F (2, Yn, 2n),B = F (zn, Yn, 2n),C =F (Tn-1, Yn—1, 2n-1),L =F (Yn, Tn, Yn),
M = F(ym Tn, yn)7N:F(yn—17 Tn-1, yn—l)aU = F(Zna Yn, xn),V = F(Zm Yn, xn)a
W = F(Zn—h Yn—1, xn—l);

(3.4) G (In—i-la Tn+1, JUn) +G (yn-i-l y Yn+1, yn) +G (ZTL+17 Zn+1, Zn)
< G(xna Ln, mn—l) + G(yna Yn, yn—l) + G(Zm Zny Zn—l) .
For all n € N, we let
1
On = 3 (G (Tnt1, Tngts Tn) + G (Ynt1s Ynt1, Yn) + G (2ot Znt1, 20)] -

Then the sequence (d,,) is decreasing; therefore, there is some > 0 such that

. 1.,
(35) lim 571 = - lim [G (xn—i-la Tn+1, xn) +G (yn+17 Yn+1, yn) +d (Zn-‘,-l; Zn+1, Zn)]

n—oo n—oo
=4
We will show that § = 0. Suppose to the contrary that § > 0, we have from 3.3.

G(@n+1,Tn4+1,%n) G Yn+1,Yn+1,Yn) +G(Zn+1,2n+1,2n)
(3.6) G(zn, Tn, Tn-1)+GYn, Yn, Yn—1)+G(2n, 2n, 2n—1)

S (b(G (xn7 T,y 5Un—1)7G(yn, Yn s yn—l)aG(zna Zns zn—l)) < 1.

Letting n — oo, we have

(37) (b (G (.Cli‘n, Tn, xn—l) 7G (y'm Yn, yn—l) 7G (Zna Zn, zn—l)) — L
Using the property of the function ¢, we have

G (xn’ Ly xnfl) ,G (yny Yn, ynfl) G (Z’I’La Zn; anl) — 0 asn — oo.

So, we have
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G (xn, Ly xnfl) +G (yna Yn, ynfl) +G (Zn, Zny anl) — Oasn — oo.
a contradiction to 3.6. Thus, § = 0. From 3.4, we have

(3~8) G (anrla Tn+1, JUn) +G (yn+17 Yn+1, yn) +G (Zn+17 Zn+1, Zn) — 0.

To prove that the sequence (z,,), (yn), and (zy) are G-Cauchy in the G-metric space
(X, G). Suppose on the contrary that at least one of the sequences (x,,), (yn), and (z,) is
not a G-Cauchy sequence in (X, G). So there exist € > 0 and sequences of natural numbers
{m (k)} and {l (k)} with m (k) > [ (k) > k for every natural numbers k, such that

1

= G (@) Ty i) + G Wme)s Ymiy Yick)) T G (Zme)s Zmik) 2n)) ] = €

(3.9) tr, = 3

We choose m (k) such that it is the smallest integer satisfying 3.9. Thus,

(3.10)
1
g [G (:Em(k)—17 Lm(k)—1> $l(k)) +G (ym(k)—b Ym(k)—1> yl(k)) +G (Zm(k)—lv Zm(k)—1s Zl(k))] <€

Using rectangle inequality property of a G-metric, with 3.9 and 3.10 in mind, we get

the = 3 (G (Tom)s Ty Tu)) + G Uk Ym(k)s Yik)) + G( Zm(k)s Zm(k)s ZU() )]
) X

3%1 G ( m(k)> Tm(k)s Lm(k)— 1) + G (2 (k)—1> Tm(k)— 17xl(k))
(3.11) T3 G (Ym(k)s Ym(k)> Ym(k)—1) + G (Yomh) - 1,ym -1, Yik)) |
+§1 [G( Zm(k)> “m(k)s “m(k)— 1) "’G( “m(k)— k) 1521 k))]
<3 (G (@m0 2y o )]

(k)—1) +G(ym(k) ym(k Ym(k)—1
+35 [G (Zm(k)s Zm(r)s Zm(k)-1)] + €.

By letting m — oo in 3 and using 3.7 we have

(3.12) te = 3 [G (Tm)s Tk Tuk)) + G Uy Yk Vi) + G (Zinie)> Zme)s 210 )|
€

Using rectangle inequality property, we get

tr =5 (G (Tmk)s Tm(k) T1k)) + G (Ymk)s Ymk)s Yix)) + G (Zmk)s 2mr)» 21r)) ]

< %1 (G (T Tn(k)s Tm@)+1) + G (Zin(k)+1> Tomk)+1> Tiy+1) T G (T)+15 Tuy 1, Tae)) |
+§1 (G (Ym(k)s Ym(k)> Ymk)+1) + G Umk)+1> Ymk)+1> Yik)+1) + G (Yi)+15 Yice)+1, V¢ ))]
+3 G([ (k) Zm(k) Zm(k)+1) + G (2415 Zme)+1 2w +1) + G (2001 200415 210 ]
)

= 01ty + 5 [[G (Tm(kys Tmikys Tk 1) + G (Um(k)s Ym(kys Yk 41) + G (Zin(rys 2me) Zm(k>+1)ﬂ
+3 [[G (@mk)+1> Tm)+15 T1)+1) T G Um)+15 Ym)+1> Vi) +1) T G (Zimk)+15 Zm(k)+15 Zk)+1

Using the fact that G (z, z, y) < 2G (x, y, y) in the above inequality for any z, y € X,
we obtain

1 tie < Sy) + 20k
(3.13) +3 [G (@ +1, :Ei”fcma Ziky+1) + G (Um(y+1: Y11 0+1) |
+3 (G (Zm)+1> Zmk)+1> Z1(k)+1
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Using 3.1, 3.2 and 3.13 we have

+5(
= 0 (G (Zm()> Ty Ti(k)) > G (Yrm(k)s Ym(i)» ¥
Thus, we have

tk < Oigk) + §0m(k)
+% G (F (Zmr)s Ym(ry Zmk)) > F (Tmiry Ymihys 2mry) » F (e icw)s 2ur)) )]
53 (G (F (Wmr)s (s Yni))  E (U Zrn) Ymew) » F (W10, 210 9w )|
+3 (G (F (2t Ymik)» Tmi)) > F (Zmh)s Ymieys Tmiry) > F (210w), Yy Tugry) )|
S1<Z>(G (@mr)s Timr)» T11)) > G (Yrma(hys Yy yz(k)% G (Zm K)s Zm(k)s 2(K)))
% (316 (#mws 2w 2109) + G Ymiws Yoy 101 Zi(k)> Zm(k)s Zk)) )
) 50m(k)
1

))’ G (Zm(k)» Zmk)s 21k)) ) T+ Ouk) + 50m(k)

tk—01(k) = 5 m(k)

< & (G (Tmky Tmk)> i) » G Wime)s Ym@i)» Vi) > G (Zanie)> Zmeys 2y)) < 1

Let k& — oo in 3.14, we have

¢ (G (Timk)s Trmk)s Tuk)) » G Ym(kys Ymey Vi) > G (Zm(k)s Zmr)s 2ur))) — 1
As ¢ (pn, Yn, 2n) — lit implies that z,, yp, 2z, — 0, we have

G (Zmk) Tmk) 1)) > G Y)Yy Yik)) » G (Zingry 2mir)> 210k)) — 0-
a contradiction. Thus, the sequence(x,), (yn), and (z,) are G-Cauchy in the G-metric
space (X, Q). Since (X, Q) is complete G-metric space, hence (z,,), (y), and (z,) are G-
convergent. Then there exists x,y, z € X such that (x,), (yn), and (z,) are G-convergent
to x,y and z respectively. Since F' is continuous. Letting n — oo in 3.2, we have
F(z,y, 2) =z, F(y, , y) =y, and F (2, y, ) = z. Thus, we conclude that F' has a
tripled fixed point. O

3.1. Uniqueness of tripled fixed point. In this section we shall prove the uniqueness
of tripled fixed point. For a tripled space X3 of partial ordered set (X, <). We define a
partial ordering as follows: for all (:z: v, 2),(u, v, w) € X3

(, y, 2) X (u, v, W) S Tru y=v 2w (4.1)
We say that (z, y, z) is equal to (u, v, w) if and only if x = u, y =v, and z = w.
Theorem 3.2. Adding the following condition to the hypothesis of theorem 8, suppose

that for all (x, y, 2),(u, v, w) € X3, there exists (a, b, ¢) € X3 that is comparable to
(z, y, z) and (u, v, w), then F has a unique tripled fized point.

Proof. The set of tripled fixed point of F' is not empty due to theorem 8. Assume, now,
(z, y, z) and (u, v, w) are the tripled fixed point of F', that is,

F(x, y, z) =z, F (u, v, w) = u,
F(y7 T, y) =Y, F(U7 u, ’U) =,
F(z, vy, x) =z, F(w, v, u) =w,

We shall show that (z, y, z) and (u, v, w) are equal. By assumption, there exists
(a, b, ¢) € X3 that is comparable to (z, y, z) and (u, v, w). Define sequences {a,}, {bn},
and {c,} such that

a=ag, b=by, c=co,

an = F(an—h bn—la Cn—l); bn = F(bn—17 an—1, bn—l)a
and
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(3.15) Cp = F(Cn_l, bn—l, an_l).

Since (z, y, z) is comparable with (a, b, ¢), we may assume that (z, y, z) > (a, b, ¢) =
(a0, bo, o). Recursively, we get that

(3.16) (z,y,2) > (an,bn, cn) for all n.

Thus, from 3.1 we have

(% [G (anax x) +G (bn7y7y) +G (cna 2, Z)])
= (% [G(F(an 1, n 1, Cnfl)aF(l'a Y, Z),F(l’, Y, Z))])
(3.17) + (3 [G (F (b, it bu-1), F (y, @, y), F (y. z, y))])
+(§ [G(F(Cn 1, n 1, Gn— 1)aF(27 Y, :L')aF('% Y, :L'))])
< ¢(G(an 1,Z, x)—|—G(bn,1,y,y)+G(cn,1,z,z))
%3 (G (an-1,2,2) + G (bn-1,4,y) + G (cn-1,7,2))

which implies

(3.18) G(an,x,x)+G(bn,y,y)+G(cn, 2,2) < Glan—1,2,2)+G(bp-1,y,y) +G(cn-1, 2, 2)

We see that the sequence (G (an,z,x) + G (bn,y,y) + G (cn, 2, 2)) is decreasing, there ex-
ists some € > 0 such that

(3.19) G(an,z,x) + G(bp,y,y) + G(cn, 2,2) = € as n — 0.

Now, we show that ¢ = 0. On the contrary, suppose that ¢ > 0. Following the same
arguments as in the proof of Theorem 3.1, we have

¢ (G (an-1,7,2),G (bp-1,9,9),G (cn-1,2,2)) = 1.
Implies,
G (an-1,2,2),G (bp-1,9,vy),G (¢n-1,2,2) = 0.
Consequently, we have
G (an,z,z) + G (by,y,y) + G (cp, z,2) = 0,

a contradiction in virtue of (4.4). Hence, € = 0. Therefore, (4.6) becomes

(3.20) G(an,z,x) + G(bn,y,y) + G(cn, 2,2) = 0 as n — oo.

Similarly, we can show that

(3.21) G (apn,u,u) + G (bp,v,v) + G (cp,w,w) = 0 as n — oo
(3.22) G(an, an,x) + G(bp, by, y) + G(cn, cn,2) = 0 as n — o
(3.23) G(an, an,u) + G(bp, by, v) + G(cp, cn,w) — 0 as n — oo.

Using (4.7) — (4.10) , the rectangle inequality and taking n — oo, we obtain
G(u,z,z)+ G (v,y,y) + G (w, z,z) = 0. Thus, we conclude that * = u,y = v and z = w.
Hence, F' has a unique tripled fixed point. O
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Conclusion: The existence and uniqueness of tripled fixed point for continuous mapping
with mixed monotone property satisfying nonlinear contractions were proved. It was done
in the framework of partial ordered metric space.
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