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Subclasses of Partial Contraction Mapping in Semigroup of Linear
Operators

K. RAUF*, A. Y. AKINYELE AND S. O. MAKANJUOLA

ABSTRACT

Some properties of Cy-Semigroup are investigated and are
used to derive some characteristics of w-Order Preserving
and Reversing Partial Contraction Mapping where homo-
geneous, inhomogeneous and regularity of mild solution for
analytic semigroups are engaged. Furthermore, the new sub-
classes performed exactly like semigroup of linear operators.

1. INTRODUCTION

Recently, w-Order semigroup was introduced in [14] and was established as subset
of Cy-semigroup. Let X be a Banach space and K be a linear operator such that
K :D(K)C X — X. Given z € X, the abstract Cauchy problem for operator
K with initial data = comprised of finding a solution u(t) to the homogeneous,
inhomogeneous and regularity of mild solution for analytic semigroups.

The homogeneous Initial Value Problem (IVP)

du(t)
(1) o =Ku(t)t>0
u(0) =z

where the solution means an X valued function u(¢) such that w(t) is continuous
for t > 0, continuously differentiable and u(t) € D(K) for ¢ > 0 such that (1) is
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valid. Obviously, u(t) € D(K) for t > 0 and u is continuous at ¢ = 0, (1) can
not have a solution for z ¢ D(K). It was proved that if operator K in w-Order
preserving (OCP,) or w-Order reversing (ORC P,) partial Contraction mapping
then K is the infinitesimal generator of a Cy-semigroup {7'(¢),t > 0} which is a
semigroup of linear operator. The abstract Cauchy problem for K has a solution
u(t) =T (t)z, for every z € D(K).

In the case of inhomogeneous IVP,

@ dl;(:) — Ku(t)+ f(t) t >0
u(0) ==z

where f : [0,7] — X. In this article, K is assumed to be infinitesimal generator of
a Cp-semigroup {7'(t),t > 0} such that the corresponding homogeneous equation
(equation with f = 0) contains a unique solution for every initial value z € D(K)
and f € LY([0,7); X). Furthermore, we shall take the regularity of the mild
solutions for analytic semigroups except otherwise stated. The mild solution of
the IVP (2) is the continuous function

(3) u(t) =T(t)x + /0 T(t — s)(s)ds.

By imposing further conditions on f ( f € C1([0,7T]; X)), the mild solution (3)
becomes the classical solution, hence, a continuously differentiable solution of
(2). Suppose K is the infinitesimal generator of an analytic semigroup, then the
results imply that T'(¢) is an analytic semigroup with f € LP([0,T]; X) and p > 1,
hence (3) is Holder continuous. The theory of stability is very important since
stable Cp-semigroup correspond one-to-one to asymptotically stable (in the sense
of Lyapunov) in a well-posed abstract linear Cauchy problems. The resolvent
of K can be used to describe the relationship between the spectrum of K and
that of semigroup operator (7'(t);>0) and to establish the relationship between a
semigroup operator, its generator and its resolvent.

A significant aspect of Cy-semigroup is dual properties of a semigroup of linear
operator because of the emphasis on weakly topologies of operator that makes it to
obtain a weak generator of a semigroup (7'(¢)*):>0. Several authors established
results on the theory of semigroups of operator, see [1]-[17] and the reference
therein. This paper consists of results on homogeneous, inhomogeneous and the
regularity of mild solution for analytic semigroups of bounded linear operator.
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2. PRELIMINARIES

We recall the following definitions, provide some examples and present an ele-
mentary prove of a known result.

Definition 2.1. (Cp-Semigroup) [16]: A Cp-Semigroup is a strongly continuous
one parameter semigroup of bounded linear operator on Banach space.

Definition 2.2. (w-OCP,) [14]: A transformation a € P, is called w-order-
preserving Partial Contraction Mapping if Va,y €EDoma : ¢ <y = ax < ay
and at least one of its transformation must satisfy ay = y such that T'(t 4+ s) =
T(t)T(s) whenever t,s > 0 and otherwise for T'(0) = I.

Definition 2.3. (w-ORCP,) [14]: A transformation o € P, is called w-order-
reversing partial contraction mapping if Vx,y €Doma : z <y = az > ay
and at least one of its transformation must satisfy ay = y such that T'(t 4 s) =
T(t)T'(s) whenever t,s > 0 and otherwise for 7'(0) = I.

Definition 2.4. (Analytic Semigroup) [16]: We say that a Cp-semigroup {7'(t);t >
0} is analytic if there exists 0 < § < 7, and a mapping S : Cg — L(X) such that:
(i) T'(t) = S(t) for each t > 0;

(ii) S(z1 + 22) = S(21)S(22) for 21, 22 € Cy;

(iii) lim,, cg, -, 05(21)z = x for x € X; and

(iv) the mapping 21 — S(z1) is analytic from Cy to L(X). In addition, for each
0 < d < 6, and if the mapping z; — S(z1) is bounded from Cs to L(X), then the
Co-semigroup {7T'(t);t > 0} is called analytic and uniformly bounded.

Definition 2.5. (Classical Solution) [13]: A function w : [0,7] — X is a classical
solution of (2) on [0, T if u is continuous and continuously differentiable on [0, T,
u(t) € D(A) for 0 <t < T and (2) is satisfied on [0, 7.

Definition 2.6. (Compact Semigroup) [7]: A Cp-semigroup is compact if for
each t > 0, T'(t) is a compact operator.

Definition 2.7. (Dissipative) [7]: A linear operator (A, D(A)) is dissipative if
each z € X there exists * € F(z) such that Re(Ax,z*) <0.

Definition 2.8. (Holder Continuity) [18]: A real or complex-valued function
f on d-dimensional Euclidean space satisfies a Holder condition, or is Hdlder
continuous, when there are non-negative real constants C', a > 0, such that

[f(z) = F(y)| < Cllz =y
for all z and y in the domain of f. More generally, the condition can be formulated
for functions between any two metric spaces. The number « is called the exponent
of the Holder condition. A function on an interval satisfying the condition with
a > 1 is constant. If & = 1, then the function satisfies a Lipschitz condition. For
any « > 0, the condition implies that the function is uniformly continuous.
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Definition 2.9. (Locally Hélder Continuous) [13]: Let I be an interval. A
function f : I — X is Holder continuous with exponent ¢ : 0 < ( < 1 on [ if
there is a constant L such that

(4) 1£(t) — £(s)]| < Lit — 5l for s,t € 1.

It is locally Hélder continuous if every ¢ € I has a neighborhood in which f
is Holder continuous. It is easy to check that if I is compact, then f is Holder
continuous and locally Holder continuous on I. We denote the family of all Holder
function with exponent ¢ on I by C¢(I : X).

Example 2.10. : For any 3 x 3 matrix [M,,(C)] and for each A > 0 such that
A € p(K) where p(K) is a resolvent set on X, if

1 2 3 et)\ e2t/\ e3t)\
K=1|1 2 2|thenT(t)= [ e 2 &2 | =KX
2 2 3 e2tA  p2tA  S3tA

Example 2.11. : By the translation semigroup starting from Kf = f on
Co(Ry) or LP(R,), 1 < p < oo, the operator K2f = f" generates a bounded
analytic semigroup. A slightly more involved case of several space dimensions is
the spaces Co(R4) or LP(R4), 1 < p < oo. Denoted by (U;(t))cr, is the strongly
continuous semigroup (U;(t) f)(x) = f(x1,- -+, zi—1, xi+t, -+ ,x,), where z € R™,
t € Ry and 1 < i < n, where K3 is its generator and K € w — OCP,,. Obviously,
these semigroups commutes as the resolvent of Ki and hence of K?i.

Example 2.12. : Suppose K : D(K) C X — X is an unbounded generator of
a strongly continuous semigroup and take an isomorphism S € L(X) such that
D(K)NS(D(K)) = {0}. Then B = SKS~!is a generator as well, but K + B is
defined only on D(K + B) = D(K)ND(B) = D(K)N S(D(K)) = {0}.

A tangible example for this circumstances is on X = Cy(Ry) by K f = f with its
canonical domain D(K) = C(/)(R+) and Sf = ¢.f for some continuous, positive
function ¢ such that ¢ and ¢! are bounded and nowhere differentiable. Defining
the operator B as Bf = ¢.(¢".f) on D(B) = {f € X : ¢~*.f € D(K)}, we obtain
that the sum K + B is defined only on {0}.

Theorem 2.13. [17]: A linear operator A: D(A) C X — X is the infinitesimal
generator for a Co-semigroup of contraction if and only if

i. A is densely defined and closed; and
ii. (0,400) C p(A) and for each X\ > 0, we have

1
(5) RN, A)llxy < Y

Theorem 2.14. [19]: Let A : D(A) C X — X be a densely defined operator.
Then A generates a Cy-semigroup of contractions on X if and only if
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i. A is dissipatives; and
ii. there exists X > 0 such that AI — A is surjective.

Moreover, if A generates a Cy-semigroup of contractions, then A\ — A is surjective
for any A > 0, and we have Re(Ax,xz*) < 0 for each x € D(A) and each z* €

Lemma 2.15. [13]: Let u(t) be a continuous X valued function on [0,T], if

(6) H/ ds)<Mforn—12
then, u(t) =0 on [0,T].

Proof: Let z* € X* and set ¢ =< z*,u(t) > 0, then, ¢ is clearly continuous on
[0,T] and

T
‘/ ds = ‘ <z* / eu(s)ds > | < ||z*||.M = M; forn=1,2,---
0

We show that (6) implies that ¢(¢) = 0 on [0, 7] and since z* € X* was arbitrary,
k-1
it follows that u(t) = 0 on [0,7]. Consider the series ) -, %ek’” =1-

exp{—e""}. This series converges uniformly to 7 on bounded intervals. Therefore,

T oo 1\k—
‘/0 6kn(1_T+s)<p(S)dS

k=1

1
S k' k:nl T) ‘/ kns ds’ <M1 61’]){6 (1- t} 1)

Fort < T, the rlght - hand side of (7) tends to zero as n — oco. On the other
hand, we have

T © ( 1\k-1 T
(9) /0 Z(l)ek"(l_T+5)g0(s)ds:/0 (1—ewp{—e”(l_T+5)}g0(s))ds

k!
k=1
Using Lebesque’s dominated convergence theorem, we noticed that the right hand
side of (8) converges to fg_l ©(s)ds as n — oo. Combining this together with

7), we found out that for every 0 < ¢t < T, we have Ti s)ds = 0, which
7-1%
implies ¢(t) = 0 on [0, 7.
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3. MAIN RESULTS

This section presents homogeneous, inhomogeneous and the regularity of mild
solution for analytic semigroups IVP on w-OCP,, and w-ORCP,,.

Theorem 3.1. Let K € OCP, be densely defined linear operator. If R(\; K)
exists for all real A > Ao and

(10) lim SupA~tlog||R(\; K)| =0,
A—00
then, system (1) has at most one solution for every x € X.

Proof: We noted that u(t) is a solution of (1) if and only if e*u(t) is a solution

of the IVP. p

di; = (K + 2D, V(0) = 2.
Thus, K € OCPF, can be translated by a constant multiple of the identity and
assume that R(\; K) exists for all real A\, A > 0 and that (10) is satisfied. Let
u(t) be a solution of (1) satisfying u(0) = 0. We need to show that u(t) = 0, to
this end, consider the function t — R(\; K)u(t) for A > 0. Since u(t) is a solution

of (1), then, we have
d

S RO Ku(t) = RO K)Ku(t) = AR K)u(t) = u(t)

which implies

1
(1) ROV K)u(t) =~ [ A7(m)ar
0
From the assumption (10) it follows that for every o > 0, we have
lim e~ "Y||R(X; K)|| =0,
A—00
and therefore it follows from (11) that

t—o
(12) lim M=y (r)dr = 0.
A—00 0
From Lemma 2.15, we deduce that u(7) =0 for 0 < 7 <t —o. Since t and o are
arbitrary, then u(t) = 0 for t > 0. The proof is complete 0.

Theorem 3.2. Let K € ORCP, be densely defined linear operator with nonempty
resolvent set p(K). Then, the initial value problem (1) has a unique solution u(t)
which is continuously differentiable on [0, 00| for every initial value x € D(K) if
and only if K is the infinitesimal generator of a Cy-semigroup {T'(t);t > 0}.



Subclasses of Partial Contraction Mapping in Semigroup of Linear Operators 7

Proof: If K is the infinitesimal generator of a Cp-semigroup {7'(t);¢ > 0}, then
it follows that T'(¢)x is the unique solution of (1) with the initial value z € D(K).
Moreover, T'(t)z is continuously differentiable for 0 < ¢ < co. On the other hand,
if (1) has a unique continuously differentiable solution on [0, co] for every initial
data z € D(K), then we see that K € ORCP, is the infinitesimal generator of
Co-semigroup {7'(t);t > 0}. We now assume that (1) has a unique continuously
differentiable solution on [0, co] which is denoted by u(t,z). Otherwise, for x €
D(K), we define the graph norm by |z|¢ = ||z||+ || Kz||. Since p(K) # ¢, then K
is closed and therefore D(K) endowed with graph norm is a Banach space which
we denote by [D(K)]. Let X, be a Banach space of continuous functions from
[0,t0] onto [D(K)] with the usual supremum norm. We consider the mapping
S [D(K)] = Xy, defined by Sz = u(t;z) for 0 < ¢t < to. From the linearity
of (1) and the uniqueness of the solutions, it is clear that S is a linear operator
defined on all of [D(K)]. Then, the operator S is closed. Indeed, if z,, — x in
[D(K)] and Sxz,, — v in Xy, then from the closeness of K and

t
u(t; xn) = xpn +/ Ku(r;zy)dr,
0

it follows that as n — oo, we have

v(t) ==z +/0 Kuv(r)dr,

which implies that v(¢) = u(t; x) and S is closed. Therefore, by the closed graph
theorem, .S is bounded and

(13) supo<i<to|u(t; z)|e < Clzle.

We now define a mapping 7'(¢) : [D(K)] — [D(K)] by T(t)z = u(t; ).

From the uniqueness of the solutions of (1), it follows that 7'(¢) has the semigroup
property. From (13) and for 0 < ¢ < t¢, then, T'(¢) is uniformly bounded. This
implies that T'(t) can be extended by T'(t)z = T'(t — nto)T (to)"x for ntyg <t <
(no + 1)t to a semigroup on [D(K)] satisfying

(14) IT(t)z|q < Me*|z|g.

We now need to show that

(15) T(t)Ky = KT (t)y.
for all y € D(K?) and K € w-ORCP,. By putting

(16) v(t) =y +/0 u(s; Ky)ds,
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then we have

, t d t
(1) /() = e Ky) = K+ [ (s K)ds = Ky+ [ ulsi Kg)ds) = Kol0).
0 0
Since v(0) = y we have by uniqueness of the solution (1), v(t) = wu(t;y) and
Kx(t;y) = v'(t) = u(t; Ky) which is the same as (15). Since D(K) is dense in
X and by our assumption, p(K) = ¢, also D(K?) is dense in X. Let \g € p(K),
Ao = 0 be fixed and let y € D(K?). Assume x = (Aol — K)y, then by (15), we
have

(18) T(t)e = (o — K)T(t)y
therefore

(19) IT(t)z] = (Ao — K)T(t)y|| < CIT(t)yla < Cre'lyla.
But

(20) lyle =yl + | Kyl < Caf|z,

which implies that

(21) IT()x]l < Coe*|]l

Therefore T'(t) can be extended to all of X by Continuity. After this extension,
T'(t) becomes a Cy-semigroup on X. To complete the proof, we have to show that
K is the infinitesimal generator of T'(t). Let denote the infinitesimal generator
of T(t) by K1 € w-ORCP,. Assume z € D(K) by definition of T'(t), we have
T(t)x = x(t;x) and by assumption that

(22) %T(t)a: = KT(t)x, for t >0,

which implies, in particular, that (d/dt)T(t)x|i=g = K, therefore K1 D K. Let
Rel > w and y € D(K?). It follows from (15) and K1 D K that

(23) e MKET(t)y = e MT(t)Ky = e MT(t) Kpy.
Integrating (23) from 0 to oo yields

(24) KR(X; K1)y = R(A; Kv)Kuy.
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But K1R(\; K1)y = R(\; K1) Kyy. Hence, KR(\; K1)y = R(\; K1) Ky for every
y € D(K?). Since K1 R(\; K1) is uniformly bounded, then K is closed and D(K)
is dense in X, and it follows that KR(\; K1)y = R(\; K1)Kyy for every y € X
and K € w-ORCP,. This means that D(K) D Range R(\; K1) = D(K;) and
K D K. Hence, K = K; and this complete the proof L.

Theorem 3.3. Suppose K € w-OCP, is the infinitesimal generator of a Cy-
semigroup {T(t);t > 0}, let f € L'(0,T; X) be continuous on [0,T] and assume

(25) vﬁﬁiﬁgﬁ—sﬁ@M&O<t<T

System (2) has a solution x on [0,T) for every x € D(K) if one of the following
conditions is satisfied:

(1) v(t) is continuously differentiable on [0,T]; and

(i1) v(t) € D(K) for 0 <t <T and Kv(t) is continuous on [0,T)].

If (2) has a solution uw on [0,T] for some x € D(K) then v satisfies both (i) and
(ii).

Proof: Assume (2) has a solution u for some x € D(K), then this solution is
given by (2). Consequently v(t) = u(t) — T(t)z is differentiable for ¢ > 0 as
the difference of two such differentiable functions and v'(t) = u'(t) — T(t) Kz
is obviously continuous on [0,7]. Therefore (i) is satisfied. Also, if z € D(K),
T(t)xr € D(K) for t > 0, therefore v(t) = u(t) — T'(t)x € D(K) for ¢ > 0 and

Ku(t) = Ku(t) — KT(t)z = u (t) — f(t) — T(t) K=

is continuous on [0,7]. Thus, (ii) is satisfied. On the other hand, it is easy to
verify for h > 0, the identity

t+h) —o(t 1 [th
Tv(t) = W = _h/t T(t+h—s)f(s)ds.
From the continuity of f, it is clear that the second term on the right-hand of
(26) has a limit f(¢) as h — 0. Suppose v(t) is continuously differentiable on
[0.7], then it follows from (26) that v(t) € D(K) for 0 < ¢t < T so that

(26)

(27) Ko(t) =o' (t) - £(0),
since v(0) = 0, it implies that
u(t) =T(t) +v(t)

is the solution of (2) for x € D(K) and A € w-OCP,. Assume v(t) € D(K),
then it follows from (26) that v(¢) is differentiable from the right at ¢ > 0 and
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the right derivative DT v(t) of v satisfies
DYo(t) = Ko(t) + f(t).

Since DT v(t) is continuous, then v(t) is continuously differentiable and

v (t) = Ko(t) + f(b).
if v(0) = 0, then u(t) = T'(t)x + v(¢) is the solution of (2) for x € D(K) and the
proof is complete .

Proposition 3.4. Let K € w-ORCP, be the infinitesimal generator of a Cy-
semigroup {T'(t);t > 0}, suppose f(s) is continuously differentiable on [0,T],
then :

(i) The Initial Value Problem (2) has a unique solution u on [0,T] for every
z € D(K). (i) Assume f € L'(0,T; X) be continuous on [0,T) and f(s) € D(K)
for 0 < s < T so that Kf(s) € L'(0,T;X) for every x € D(K) and K € w-
ORCP,, then system (2) has a unique solution on [0,T].

Proof: To prove (i), Assume

(28) v(t) = /0 T(t—s)f(s)ds = /0 T(s)f(t — s)ds.

It is clear from (28) that v(t) is differentiable for ¢ > 0 and that its derivative

v (t) = T(t)f(0) + /0 T(s)f(t — s)ds = T(t)f(0) + /0 T(t —s)f (s)ds

is continuous on [0,7]. The results follow from Theorem 3.3 and this complete
the proof of (i).

To prove (ii), from the conditions of the proposition, it follows that for s > 0,
A € w-ORCP,, T(t — s)f(s) € D(K) and that KT(t — s)f(s) = T(t — s)K f(s)
is integrable. Therefore v(t) defined by (3.16) satisfies v(t) € D(K) for ¢ > 0,
K € w-ORCP,, and

(29) Ku(t) = K/o T(t—s)f(s)ds= /0 T(t— s)K f(s)ds.

is continuous. Then, the result follows from Theorem 3.3 which completes the
proof.

Theorem 3.5. Let K € w-OCP, be the infinitesimal generator of an analytic
semigroup {T'(t);t > 0} and let f € LP(0,T;X) with 1 < p < co. Suppose u is
the mild solution of (2), then w is Holder Continuous with exponent (p — 1)/p
on [e,T] for every e > 0. Assume v € D(K), then u is Holder Continuous with
same exponent on [0,T].
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Proof: Assume ||T'(t)|| < M on [0,T]. Since T'(t) is an analytic semigroup, then
there is constant C' such that | KT(t)|| < Ct~! on [0,7]. This implies that T'(¢)x
is Lipschitz continuous on [e, T'] for any given € > 0. If z € D(K), K € w-OCP,,
and T'(t) is Lipschitz continuous on [0,7]. It suffices therefore to show that if
f€LP0,T;X),1<p< oo then v(t) = f(f T(t — s)f(s)ds is Holder Continuous
with the same exponent (p — 1)/p on [0,T]. For h > 0, we have

t+h t
v(t+h)—v(t) = / T(t—l—h—s)f(s)ds—l—/ (T(t+h—s)—T(t—s))f(s)ds = I1+1s.
t 0
We estimate I; and Is separately. For I;, we use Holder’s inequality to obtain,

(30)
t+h t+h 1
1< 0 [ (s Ids < an ([ ) Pds)” < M| lhte 7P
t t

where | f|, = (f(;[ Hf(s)||pds)% is the norm of f in LP(0,T; X). In order to estimate
I, for h > 0, we have

|T(t+h) —T(t)| <2M for t,t+h e 0,7
and

h
IT(t+h) =T (@)l < CF for t,t+he[0,T].

Therefore

(31)  |T(t+h) —T®)| < Cru(h,t) = Cy mm(1, %) for t,t+he0,T],

where C is a constant satisfying C; > maxz(2M,C). Using (31) and Hdélder’s
inequality, we have

t t (p—1)/p
32) 121 < €y [ ntht=s)7)lds < Gl ( [ uthot—sp0Das)

Since p > 0, we have

(33) /met—@”@*ms=/%mmTwmk”mw;/muwmwmkmthm
0 0 0

by combining (32) with (33, we i hat
||| < Const.h®=V/.

Hence the proof of the theorem 0.
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Theorem 3.6. Let K € w-ORC P, be the infinitesimal generator of an analytic
semigroup {T(t);t > 0}. Assume f € L'(0,T;X) and suppose that for every
0<t<T, there exists a 61 > 0 and a continuous real value function

Q(7) : [0, 00] — [0, 0]

such that
(34) 1£() = F(s)Il < (|t = s)),
and
(35) /61 Q157(7—)d7' < 0.
0 T

Then, for every x € X, the mild solution of (2) is a classical solution.

Proof: Since T'(t) is an analytic semigroup, then 7T'(¢)z is the solution of the
homogeneous equation with initial data = for every x € X. To show that the
theorem is sufficient, by Theorem 3.3, we need to prove that

v(t) = /OtT(t—s)f(s)ds €DK) for0<t<T

and that Kv(t) is continuous on this interval. To this end, we have
v(t) = v1(t) + vao(t)

t t
— [T =) - fds + [ 1 - 9)f s,
0 0

Suppose v2(t) € D(K) and that Kuve(t) = (T'(t) — I)f(t). By assumption of
the theorem, its implies that f is continuous on [0, 7], it follows that Kuvs(t) is
continuous on [0, 7. To prove the same conclusion for v, we define

(36)

(37) v1e(t) = /O DU = 8)(f(s) — F(1))ds fort> e
and
(38) v1e(t) =0 fort <e.

From (37) and (38), it is clear that vy ¢(t) — v1(f) as e — 0. It is also clear that
v1.e € D(K) and for t > ¢, we have

t—e

(39) Kvpe(t) = ; KT(t —s)(f(s) = f(t))ds.
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From (34) and (35), it follows that for t > 0, Kv;j((t) converges as ¢ — 0 and
that

(40) lim Kvr () = | KT(t— $)(f(s) — f(t))ds.

e—0 0

The closeness of K then implies that vy (t) € D(K) for ¢t > 0, we have

(41) Kt /KTt—s F(s) = f(1))ds.

To conclude the proof, we have to show that Kwv;(t) is continuous on [0,7] for
0 < 0 < t, hence

(42) Ko (t /KT (t—s)(f(s) — f<t))d8+/§ KT(t—s)(f(s)— f(t))ds.

For fixed § > 0, the second integral on the right of (42) is a continuous function
of ¢t while the first integrals is of O(d) uniformly in ¢. Thus, K;(¢) is continuous
and the proof is complete .

Theorem 3.7. Let K € w-OCP, be the infinitesimal generator of an analytic
semigroup {T(t);t > 0} and suppose f € C<([0,T]; X), if

t
(43) ui(t) = /0 T(t - )(f(s) — /(1))ds,

then vy € D(K) for 0 <t <T and Kvi(t) € C([0;T)] : X).

Proof: The fact that v; € D(K) for 0 < ¢ < T is an immediate consequence of
the proof of Theorem 3.6, hence, we only need to prove the Hélder Continuity of
Kwvi(t). Suppose that | T(¢)|| < M on [0,7] and that

(44) |KT )| < Ct™ for0<t<T.

Thus, for every 0 < s <t < T, we have

IKT(t) — KT(s y—H/ K2T( dTH</ IK2T(r)||dr
(45)
< 4C/ 72dT = 4Ct s (t — s).

Let t > 0 and h > 0, then
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Koi(t+h) — Kol (¢ K/ (t+h— ) = T(t — ) (F(s) — f(£))ds
+K/ T(t+h— s)(F(t) — F(t+ h))ds
0

t+h
+K/t T(t+h—3s)(f(s)— f(t+h))ds

= Il =+ IQ + Ig.
We estimate each of the the three terms separately, first from (4) and (45),

1] S/O IKT(t+h—s) = KT(t = s)lllf(s) = F()]lds

(47) ds

t
< 4CLh < C1hS.
<40 /0(t—s+h)(1t—s)1—<—C1

To estimate Is, we refer to Definition 2.8 and Definition 2.9 so that

2]l = [(T(¢+h) =T(h)(f(t) = F(t+R))
STt +h) = TWIIF () — f(¢+ h)l| < 2MIRS.
Finally, to estimate I3, we use (44) and (4) to get

(48)

t+h
[ 13]] < / KT+ h—s)|[[[f(s) = f(t+h)llds
(49) t bh
< CL/ (t+h —s)""tds < Coht.
t

Combining (46) with estimates (47) and (48), we observe that Kwv(t) is Holder
continuous with exponent ¢ on [0,7]. The proof is complete .

Theorem 3.8. Suppose K € w-ORCP,, is the infinitesimal generator of an an-
alytic semigroup {T(t);t > 0} and let f € C<([0,T); X). If u is the solution of
IVP (3) on [0,T] then:

(i) for every 6 > 0, Ku € C<([6,T] : X), hence du/dt € (([6,T] : X);

(ii) if v € D(K), hence Ku and du/dt are continuous on [0,T]; and

(iii) if £ = 0 and f(0) =0, hence T(t)f(t) € C([5,T] : X).
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Proof: Since
t
(50) u(t) =T(t)x + / T(t—s)f(s)ds =Tt —s)f(s)ds =T(t)x + v(t).
0

and by (45), KT (t)z is Lipschitz continuous on § < t < T, for every § > 0, it
suffices to show that Kv(t) € C%([6,T] : X). To this end, we decompose v as

t t
v@zm@+w@=Aiﬂ—$m@—ﬂm%+ATwwﬁww

From Theorem 3.7, it follows that Kv(t) € C([0,T]; X), it remains to show that
Kuvy(t) € C%([6,T) : X) for § > 0. But Kua(t) = (T(t) — I)f(t) and since
f € C%([0,T]; X), then we only have to show that T'(t)f(t) € C¢([5,T] : X) for
every § > 0. Let t > 6 and h > 0, then

[Tt +h)ft+h) =TO)FD)]
(51) < T+ R+ h) = FOI +TE+h) =T @]

< MLh¢ + %h\\f\\m < C1hS,
here we used (31) and (4). Define

[flloo = mazo<i<r|| (£,
this complete the proof of (i). To prove (ii), we noted that if z € D(K), then
KT(t)z € C([0,T]; X). By Theorem 3.7, Kvi(t) € C¢([0,T]; X) and since f is
continuous on [0,7], it remains to show that T'(¢)f(¢) is continuous on [0,T].
From (i) it is clear that T'(¢) f(¢) is continuous on [0, 7]. The continuity at ¢t = 0
follows readily from
IT@)f(&) = FOI < () £(0) = FO)] + M f(£) = F(O)]

and the proof of (ii) is complete. Finally, to prove (iii), in the case T'(t)f(t) €
C¢([0,T]; X), it follows that

| T+ h)f(t+Rh)=TE)f()]

<|T@E+mIfE+R) = fFOI+NTE+R)=TE)f()]
< MLhS + | o KT(7)f(t)dr||

(52) !

t+h
SMuﬁ+j KT @)(F(t) — £(0)]ldr

t+h t+h
< MLhS + CL/ T Udr < MLhS + CL/ $~ldr < ChS.
t t

which complete the proof 0.
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Conclusions: The study presented some attributes of w—order preserving and
w—order reversing partial contraction mapping in semigroup of linear operators.
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