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Variational Iteration Method for Solving Higher-order
Integro-differential Equations

M. O. OLAYIWOLA* AND M. O. OGUNNIRAN

ABSTRACT

In this paper, a numerical method for the solution of
integro-differential equations is discussed. The variational
iteration method (VIM), which is a modified general La-
grange multiplier method is employed to solve different
types of integro-differential equations. The results revealed
that the VIM is very effective, simple and is of high accu-
racy for solving higher order integro-differential equations.

1. INTRODUCTION

Mathematical modeling of physical phenomena usually result in integro-differential
equations. These equations arise in biological models, fluid mechanics and chem-
ical kinetics [1]. The variational iteration method, which is a modified general
Lagrange multiplier method was proposed by He [2,3] and has been proved by
many authors [4-11] as effective and efficient.

Recently, the variational iteration method was used to solve linear and non-linear
stiff differential equations [12] as well as solution of linear and nonlinear Fredholm
integral equations [13].
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In this paper, the application of variational iteration method is extended to the
solution of integro-differential equations of the form:

b
(1) y'(2) = fla,y(x)) + / F(a, t,y(®)dt, y(zo) = o

where a < x < b and m and n are integers such that n —m > 0. The functions
f and F are given while y is to be determined. It is assumed that the computa-
tional example of the type (1) has unique solution. Comparison of the numerical
solutions obtained with the given exact solutions show that the method converges
rapidly to the exact solutions. Hence, we conclude that the method is elegant,
effective and efficient.

2 VARIATIONAL ITERATION METHOD

To present the basic and fundamentals of concept of the variational iteration
method, we consider the following general nonlinear equation:

(2) Ly(x) + Ny(z) = g(x)

where L is a linear operator, N is nonlinear operator and g(x) is a given contin-
uous function.
According to variational iteration method [2-12] the correction functional can be
constructed as:

(3) yr+1(7) =y (z) + /Ox A7) [Lyr (1) + Nyk () — g(7)] dr

where yo(x) is an initial approximation, A is called a general Lagrange multiplier
which can be identified optimally through variational theory, the subscript K
denotes the K*" iteration and v is the restricted variation.

From (3), we can easily derive a correction functional for (1) as indicated below:

T b
(4) yrar(z) = yrc () + /0 A() [yﬁz” (r) - Fr.yx(r)) — / F(nt,y%(t»dt] dr

Making above stationary, the Lagrange multiplier, therefore can be identified as:

9 A7) = !

and equation (4) becomes:

6 ?/K+1($2 =yi(z)+
©) Jo %(T —z)rt [@/E?)(T) — [y () — [P F(r,tyR(t))dt| dr
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3 APPLICATION

In this section, we present some computational examples to justify the conclusion
that the variational iteration method is efficient for solving (1). The implemen-
tation associated with the problems presented were implemented using maple 18.
Example 3.1: Consider the integro-differential equation:

1
(7) Y (@) = y(z) +z /0 sty(t)dt, y(0) = 1

with exact solution:
y(x) = e
According to (6), we have the following iteration formular:

(8) yr+1(x) = yk () — /01 [y}((r) —yg(T) — T+ /01 Tty(t)dt] dr

with yo(x) = 1, we obtain:

1 2
536870912"
- ! 2
x
17592186044416
1
_ T 2
v0(®) = ¢ 0752303423458
It is very clear that the iterations converge to the exact result.

Example 3.2: Consider the Volterra Integro-differential equation:

(9) y(x)=1- /0 " y(t)dt, y(0) =0

with exact solution

yio(x) = €*

y15(x) = e”

y(x) =sinz

The iteration formulation is:

(10) e la) = i) = [ ’ {ym -1 ) y(t)dt} ds
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and therefore

This converges to sinx as n — oo.
Example 3.3: Consider the problem with n = 2 and m =1 as follows:
y'(z) =2(e* + z) — ze + y(z) + fol xty(t)dt
(11) y(0) =0, y/(0) = 1
lim (14+1)"=e
n—oo

and the exact solution y(x) = xe®. Using (6) with yo(z) = x, we have

yr+1(7) = yx (2)+
fOI(T — ) [y’}’((T) —2(e"+71)+T1e —yg (1) — fol TtyK(t)dt} dr

and the approximations become:

(12)

1
y1(x) = ze® — E(Be —7)a?

1
ya(z) = xe® — ——(3e — 7)a®

540
(z) = we® — L(i’)e ~T)a’
ys\r) = 16200
(@) = 20"~ feg B0~ e’
Yalt) =€ = 186000 ¢~ 7
— x _ — 3
ys(x) = we” = Tiegoo00 06 ~ )
Y1) = e’ = 201000000000 ¢ ~ T
1
et 3e — 7)z®
Y15(2) = 2" — oo 200000000000000 ¢ ~ V)7
1
Yyoo(z) = ze” (3¢ — 7)a’

209207064060000000000000000000
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Asn — oo, y(x) — xe®.
Example 3.4: Consider the following higher order integro-differential equation,
when n =3

y"(z) =sinz +z — irz + fog xty(t)dt
(13)
y(0) =1, ¥'(0) = 0, ¥"(0) = —1

with the exact solution y(z) = cosz. Using the initial approximation 1 —
which is in agreement with initial conditions, gives:

z?

2

14 Z/K+1(33)2: yr (r)— )
(0 Jo @ [?J%(T) —sin(7) — 7+ 577 — [i? Tty(t)dt} dr
The following results can be readily obtained:

y1(z) = cosz — 0.004087679182z*

y2(z) = cosz — 0.0004264160902"
y3(z) = cos z — 0.0000444826231 2"
ya(z) = cos z — 0.00000464032289x*
ys(z) = cosx — 4.84064348 x 10"z

y15(x) = cosx — 2.059803000 x 10~z

yo0(z) = cosz — 1.95563633310 x 10~ Hz?
The absolute error defined by:

(15) Ex = |yx(z) —yr(z)], K=1,2,--- is <107 as n > 15

This is in good agreement with the exact solution y(x) = cos .
Example 3.5: We consider a case of higher order integro-differential equation
with n =4 and m = 1 as follows:

v 1
(16 yrlo) et fa e
y(0) =0, y'(0) =1, ¥"(0) =0, y"(0) =0
with exact solution y(z) = x. Using the variational iteration scheme (6) we have:
T _ 3 ) 9 1
(7))  yx+1(z) = yr(x) +/ (7—63:) [y}?(T) - 57'2 +/ T2tyK(t)dt] dr
0 -1
and then
yi(z) =2x
ya(z) =2
This converges to the exact solution after the first iteration.
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4 CONCLUSION

In this article, we used the variational iteration method to solve integro-differential
equations of different order and conditions. We have also successfully compared
the obtained results with the exact solution in order to justify the efficiency of
the method. The solutions obtained for the five computational problems are in
good agreement with their exact solutions. The clear conclusion can be easily
confirmed from the numerical results that the variational iteration method pro-
vides highly reliable solution with negligible errors.

The method is remarkable, effective, efficient and converges rapidly with minima
computational time. It is more accurate without the need for any transformation
method.
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